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6.2. Studies of order-disorder transitions in weaklydemagnetization factoNj. Such solutions with a constant
pinned vortex matter systems J. assumption provides a qualitative description of the
6.2.1. Formulation for infinite slab geometry experimental results. It is necessary to incorporate the

(a) Field increasing envelope (forward curve)appropriate field dependence df and the effect of

(b) Field decreasing envelope (reverse curve)9e0metry of the sample for quantitative comparison.
Solutions for samples having non-zero demagnetization

(c) Reversal from the field decreasing envelop? 2. )
, . . actors are, however, non-trivial and only approximate
(d) Reversal from the field increasing envelope . : . .
Solutions are available in the literature. Henceforth, to

6.2.2. Overall characteristics of the order-disorderqqjqer realistic situations, solutions of CSM in the non-

transitions zero demagnetization factor geometry is needed. Also in
7. Class lll problems the N = 0 case, there are some unsolved problems like
7.1. Formulation consideration of intrinsic anisotropy of the material, study

of metastability and history dependence in case of order-
disorder transition of weakly pinned systeres; In this

Review, we discuss some such unsolved problems for
both zero and non-zero demagnetization factor geometry.

7.2. Evolution of profiles
7.2.1. Non-magnetic initial profile
7.2.2. Diamagnetic initial profile

7.2.3. Paramagnetic initial profile . . . .
The next section starts with some brief description of

hard type-ll materials and the description of CSM to
8. Conclusions analyze various observed magnetization properties of such
materials. We present a broad classification of the possible
sample geometries, which can be solved in the framework
of CSM. As a next step, we shall describe our obtained
o solutions for these possible geometries and their utilization
Magn_etlzauon meqsurements on gupert_:ond_uctors ha%?, realistic situations. These solutions of CSM for
cqnsututed a fro_ntl|r_1e research aciivity _'n_ V"_EW of _th‘:ﬂifferent applied field directions and sample geometries
widespread application of superconductivity in Vanougye yseful in understanding the statics and dynamics of
fields of physics. Such measurements are a powerful Q@ jces under different experimental conditions and,
for the characterization of dissipation phenomena Occurri'?ﬁerefore, are valuable for the development of high field

in the mixed state of hard type-ll superconductors a%perconducting magnet technology.
can provide an assessment of high field application of

these materials. Hard type-ll superconductors exhib®t Hard type-1l superconductors

irreversibility in their isothermal magnetization. Initially, Superconductors are characterized by two fundamental
this irreversibility and resulting magnetization hysteresi%ngth scalesviz. the London penetration depth) (and

was a puzzle, since conventional theories of SUPEfe coherence length?]. By a detailed treatment using
conductivity predicted reversible magnetization. Foéinzburg Landau theory [2], one can arrive at the

qualitative explanation of the observed hysteresis, Be@@finitions of type | and type Il superconductors. For
[1] proposed a phenomenological model in 1964, whicfyse || superconductorsy = #/£ > 1N2, and the interfacial
subsequently became known as Bean's Critical Staigergy for a planer domain wall between the normal and
Model (CSM). In its original form, the CSM involved g,perconducting region is negative, rendering continuous
only one parameteryiz. the field independent critical gjyision of the interface region to maximize the surface
current densityd., below which a superconductor exhibits;g ygolume ratio of the normal region. This procedure
zero resistance. Later, magnetization hysteresigntinues until a single quantum of flug, is enclosed
measurements were used to infer the field dependencewgfin the region #£2 The cylindrical normal core of
Je. After the discovery of high. materials, magnetization radius ~£ surrounded by the screening currents flowing
studies began to play a major role for understanding thgound to a distanced from the center of the core is
nature of vortex state in these materials, particulari¢rmed as aortex. Between the lower and upper critical
because it is ideally suited technique for small sizefkld, field enters within a type Il superconductor in the
single crystals. form of such vortices and this state is known as the

CSM was originally applied to samples in simpleimixed state The upper Bc)and lower Bc) critical field
geometries, such as, infinite slab or infinite circulagan be expressed in terms of the fundamental length
cylinders in parallel geometry corresponding to zergcales as :

7.3. Summary

References

1. Introduction
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@, Ink d
= , 1 O, —n(X) = Wy J, (R,
cl 47_[/\2 ( ) OdX ( ) .uo y()O (4)
@, wheren(x) is the number of vortices per unit area. It is
B, = onE? (@) evident from the above equation that there is a gradient

of the vortex density perpendicular to the current flow.

The thermodynamic critical fieldB, =/B;B,Ink IS ynger this situation, there are two kinds of forces acting
defined as by the difference in the free energy density of

the normal and superconducting state. In the absence of y

any defect (like point defect, grain boundary, color centers, Lo R
etc) in the underlying material, the vortices form a P
regular hexagonal lattice pattern, known as Flux Line
Lattice (FLL). A typical magnetizationversus field
measurement results into the curve as shown in Figure 1.
For hard type Il materials, under reversal of the applied
magnetic field, magnetization hysteresis is present due to
the pinning of the vortices at the defect sites. In the next
section, the effects of pinning on the flux line lattice will
be discussed.

—

z 2a
Figure 2. The applied field orientation fdd = 0 geometry for a slab of
infinite extentalongyandz directions but of finite thicknessgpalongx axis.

Type-ll superconductors Figure 1

on the FLL, viz. the inter-vortex interaction resulting

from the Lorentz force and the pinning force due to

defects. Acritical state is achieved when the pinning

force densityF, is balanced by the Lorentz force density,
Fp, =J x B. (5)

In the present one dimensional case, the previous relation

becomes :

-4xM

_ _1dB _ _ 1 d(B)®
pr—Jy(X)BZ(X)—u—0 ax B_Z_uo ax (6)

4

H H

cl o2 H ) ) L. .
Figure 1. The magnetizatiomersusfield curve for a type-Il superconductor Hence, eq. (6) implies that a distinct gradient of the
having two critical fieldsHc; andHc.. In between these two critical fields, vortex line density is sustained by the pinning force in

the system goes into mixed state. the critical state. It also determines the critical current in
a superconductor and the critical temperature gradient.

Let us consider a slab of hard type Il material finite ir[1ZIUX pinning prevents the magnetic properties of the

the x-direction and infinite alongy and z directions superconductors to attain a thermodynamic equilibrium
subjected to a magnetic field along theirection and a and hence causes irreversibility in its magnetic behaviour.
current density (shielding or transport) along thglux-pinning and the features of critical state are very
y-direction (Figure 2). In this situation, the local fieldiMPortant from the technical application point of view

profile can be obtained from the solution of Maxwell'svhere large currents and magnetic fields are involved.
equation V. x B = poJ under appropriate boundaryThe origin of the pinning forces against the onset of flux
conditions. The one dimensional equation in the abovBotion arise from the local depressions in the Gibb's

3. Flux-pinning

specified geometry is written as : free energy of the vortex line. Such depressions can
originate through the presence of inhomogeneities in the

iBz(x) = 1y, (% 3) material in the form of lattice defects, normal inclusions
dx etc Mere presence of localized pinning sites is not

Assuming the vortices in a statical equilibrium, the abowsufficient for obtaining finite pinning forces. Elastic
equation can be viewed as : distortions of the flux-line lattice (FLL) are also necessary
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to get a non-zero pinning force. For a completely rigiom the surface, the irreversibility in the magnetization
FLL, the net pinning force is zero [3]. behaviour is in-built in the CSM description.

From egs. (4) and (6), it is evident that for any hard | the following subsections, we first describe various
type-Il superconductor, defining a locally averaged pinningasses of problems, which can be solved in the framework
force, one can extract the macroscopic pinning dependgjit csm. Next we briefly describe the different
properties like magnetizatioatc. in terms of the critical propositions of CSM for the initial Bean’s Model. The
current densityJ. of the superconductor without gettingyyide varieties of proposed CSM’s are also mentioned in

involved into microscopic details of pinning centerspyief for zero demagnetization factdv)(sample geometry.
Depending on this basic idea of critical state, C”t'c%tarting with initial attempts of solving the CSM for

State Model description of hard type Il materials wWaggon-zero demagnetization factor samples, we briefly
developed. In the next section, we shall briefly descriQgscripe the available solutions.

that.

4.1. Classification of solvable problems :

4. Critical state models

A large variety of different problems which can be

In the critical state, due to flux-pinning, the super- solved by using CSM formulations can be widely
conductor carries the maximum current density everywheggtegorized into the following [5] :

without the appearance of flux-motion. For the analysis
of various obtained experimental features in hard type-lI|
superconductors, like irreversibility in magnetization,
detailed behaviour of magnetization cunats, an wide
variety of Critical State Models were proposed. These
models provide a macroscopic explanation to many
experimental features without considering microscopic
details like flux-pinning, surface barrier during the entry
or exit of flux-linesetc. The initial concept of CSM was
introduced by Bean in his two works [1,4], where the
irreversibility in magnetization behaviour of hard type-Ii
superconductors is explained. These models postulate that
for low applied field or currents, the outer part of the
sample is in a so-called ‘Critical State’ with special values
of the current density and magnetic field such that the
interior is shielded from fields and currents. Different
models assume different relations between the local field
and the current density. It is quite obvious that ‘Critical
State’ can be achieved under the application of field as
well as transport current. In this Review, we shall discuss
about the critical state resulting from the application of
the field.

According to the formulation of CSM, the penetration
of the fields inside a hard type Il material, consists of
two steps. First with any change of the external applied
field, according to Lenz's law, surface currents are
induced. In the next step, this surface current relaxes into
a volume current carrying shell, carrying current equal to
the critical current density, enclosing a shielded region.
The surface separating the shielded region from the
penetrated ones is termed as tfex-front and the
evolution of the flux-front with gradual change of the
applied magnetic field is studied in the CSM formulation.
Since with any change in the external field, the
modifications in the local field or current always start

() If the sample dimension along the applied field

direction is finite, the demagnetization factad) (
corresponding to the sample geometry is non-zero.
For such case, at any general peointhe direction

of local B is a function of bothr and B,, the
magnitude of the applied field :

B/|B|=&(,B). (7)

This realistic situation is more relevant experi-
mentally. Most of the experimental situations pertain
to N # 0 sample geometry. This class of problem
has one more possible complications. As the
magnitude of the external field is raised slightly, a
new current shell is created in addition to the
existing ones. FoN # 0 samples, this current

shell produces fields external to itself also and
thus modifies the local fields between the final
flux front and the sample surface. Whereas, Nor

= 0 geometry, the shielding current carrying shell
will modify only the interior field, since the

demagnetization factor for the shell itself is zero.

(I Well-accepted analytic solutions of all proposed

CSM’s are available for the infinite slab or the
circular cylinder with the applied field along the
infinite dimension. This iN = 0 sample geometry.
If the sample is of infinite extent alormdirection
and the applied fieldB, =B,z for this class of
problems, the local field everywhere is either zero
or along 2, depending upon the raising, lowering
or reversal of the applied magnetic field. Hence
for this class :

B/|B|=Z (®)

The first CSM proposed by Bean pertains to this
particular geometry.
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(1) A third class of problem exists for th& = 0 irreversibility, the calculations must incorporate the fact
sample geometry satisfying eq. (7). This situation/D is finite and the sample is havirig = O.
can be obtained when a continuously rotating field The first serious attempt to solv = O sample

applied parallel to the plqne o'f an infinite slab. INtarted with the early work of Kato [7] and subsequently
this case, although the field is applied along the : . .
S . ) . =~ of Wilson [8]. They have obtained some approximate
infinite dimension, local field everywhere within

the sample obeys eq. (7). It is to be noted that fgrolutions for cylindrical wire of circular cross section
such class,4 x B| = Ll.oJ ihe Maxwell's equation under a transverse field. Kato assumed the flux front to
y - Cr

is in general, satisfied with the profiB(x) not be circular whereas Wilson’s solution approximated it to

restricted to be lying on a plane. With a giverpe elliptical. With easy availability of samples in the
applied field and the boundary condition at thdorm of discs and platelets, recent experimental and
sample surface, the above equation does not haifigoretical studies have mainly focussed on thin samples
a unique solution. The procedure for choosing one discs [9] and strips [10] — in the transverse geometry,
exact solution is discussed in later sections.  with applied field perpendicular to thicker dimension.
The case of field-dependedt in thin samples has been
4.2. Propositions of CSM : considered by McDonald and Clem [11], Bhagwat and
(1) Bean’s original statement : “Any electromotiveChaddah [12] and more recently by Shantsewl [13].
force, however smajl will induce the full current Theoretical study of thin samples affords one
J. to flow locally. Only three states of currentsimplification. Here, one needs to work only with an
flow are possible with a given axis of the magnetitaverage’ current density, or a current-sheet. The immense
field : zero current for those regions that haveomplexity associated with the task of determining and
never felt the magnetic field, and full current flowstudying the movement of the flux-front as the flux
Je perpendicular to the field axis, the sense Ofenetrates the sample is absent. Bhagwat and Chaddah
current depending on the sense of the electromotiygye also worked with finite samples and have solved a
f_orcen accompanying the last local change of thg, giaement of CSM for elliptical cylinders in transverse
field. geometry, for a spheroid [14] and also for the general
(2) While considering the ac response of variougllipsoid [15]. Navarro and Campbell [16] have followed
materials, Clem [6] states that in the CSMis 3 numerical procedure for obtaining flux-fronts and
always locally perpendicular tdB. Vectorially, magnetization for a sphere, and oblate and prolate
J(r)-B(r) = 0. This is considered to be the secondpneroids. Prigozhin [17] has worked out a variational
statement of CSM. formulation and obtained numerical solution for flux-
(3) There is another important alternative statement @bnts. To determine the hysteresis loss in superconducting
CSM proposed in Ref. [5] which states that ifwires, Ashkin [18] has worked out the flux-fronts
there is any change in the external applied fieldhumerically. Telchow and Koo [19] have provided a
then the distribution of the shielding curreft) numerical solution for the flux-fronts and the
is such as to minimize the change of the fluxnagnetization curves for a sphere by solving an integral
contained within the sample witd(f)| < J.. The equation. They observe that for samples with cylindrical

inequality on J(r)] becomes valid on physical symmetry, a flux-front can be viewed as a surface of
grounds forN # O samples (class I). zero vector potential.

4.3. Class | problems : More recently, Brandt [20] has extended his earlier

CSM and its extensions fdd = 0 sample geometry can sqlution for thin strips and di_scs to thps_e having a finite
explain semi-quantitatively the magnetic irreversibilitiedhiCkness and has worked with a realistic current-voltage
observed under quasi-static changes of magnetic field lgw. His solution also involves solving an infinite system
of temperature. If the smallest dimension of the sampﬂi nonlinear differential equations and follows a numerical
perpendicular to the applied field B and its dimension procedure. However, in his treatment, even the various
along the applied field isL, then these calculations Matrix elements need numerical evaluation.

assume thal/D — <. These calculations also predict Thus, for samples wittN # 0, there is no direct
that the magnetic irreversibility goes linearly to zero witlanalytical formulation of the general problem and a
decreasingD. For non-zero irreversibilityD # 0, and the method of solution that yields the evolution of flux-
requirement thatl/D — < cannot be satisfied for afronts as the external field is applied on a zero field
sample of finite volume. For realistic samples exhibitingooled virgin sample of a hard type-Il superconductor.
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Now, we shall briefly discuss some of the basic
differences between the CSM propositions ¥b= 0 and Jy(B,) =
N # 0 geometry. As described earlier, for a sample with
N = 0, the local fieldB(r) at all points within the sample wheref(B,) is a function of the local magnetic field and
is along the direction of the applied field. When thék is a field independent parameter. Eq. (9) is substituted
externally applied field H, =H_,2 is increased in in eq. (4) and the resulting differential equation is solved
magnitude, flux front penetrates deeper into the sampie obtain the local field profileB,(x). In the following
and the change in the local field is alordg everywhere table, we listed various proposed CSMs [2] and the
within the sample. The shielding currents set up accordi§gresponding references respectively in Tables 1 and 2.
to Bean’s proposition and the current shell also hisive Table 1.various proposed CSMs and the corresponding J-B relations.
= 0. Thus, the local field exterior to the current shell I8 ean Model
not modified due to current carried by itself. The situation
is not so simple foN.;t 0 geometry. First., thg flux lines Fixed pinning Model J(B) =
are curved andB(r) is not along the direction of the |B() | /5
applied field. Also the current shell, set up due to the

Jk
i(8,)’ ©)

J(B) = J.
J

C

J

. . . — C
increase of the external field b§H,, itself hasN # 0 go are root Model (B —W
and hence produces field external to itself. Specifically, B
this causes the change in the local field of the region ]

. . . . . - [
already carrying shielding current and this last change ki Model J(8B) RENTYSNITY
B(r) has different directions at different. Shielding
currents must now be set up afresh with the senBeponential Model J(B) = J. exp [-B(X)|/B]
determineq by the segond change Eﬁ). These fresh |, ... Model I(B) = Jo— JLBO)|/B
currents will again modify the local field everywhere and
the whole process will repeat consistently. Hence, rigorous _ J(B) = e

. . Quadratic Model 2
application of Bean's model foN # 0 samples leads to [1+1B8() | /5]
the result that the magnitude of the shielding curre%angular oulse Model 3B) = (1 — BOYI/BIO(B: - BOI)

density shall be equal t&, while its sense of flow (even
during virgin magnetization) is a very complicated function 3
. . . 8f3neralized Model

of position. One may also visualize that the average

the shielding current density over a small volume around
r should have th m n f flow for raldurin

_S_Ou d ha e t _e same sense of 1o 0 aldiu_ 9 Table 2. The references for the respective CSMs (for more details, reader
virgin magnetization. On the contrary, the magnitude Qf; consult Ref. [2] and references therein).

the locally averaged current density will be less than o
equal to J.. Bean’s model, being a macroscopic

B):J—C
[++18(01/8]°

an Model Bean 1962,1964

L L . . . . Fixed pinning Model Jet al, 1989; LeBlanc and LeBlanc, 1992
description, is justified in adapting the alternative view
Ly . . Sguare root Model LeBlanc and LeBlanc, 1992
that the shielding current will flow in the same sense at
Kim Model Kim et al, 1962, 1963

all r in the current carrying region, but with a magnitude

J < J.. In this paper, an exact solution for a particula*Ponential Model Fietet al, 1964
N = 0 geometry is presented. Linear Model Watson, 1968
Quadratic Model Letat al, 1992
4.4. Class Il problems : Triangular pulse Model Dersch and Blatter, 1988
For N = 0 sample geometry, eq. (8) is satisfied. Thergeneraized Model Larat al 1990; Xuet al, 1990

can be various configurations &, (x), Jy(X) and Fy(X)

that meet the requirement. The Bean model assumes”Mong all these models, Bean, Kim and exponential
3,() = J = constant, while the fixed pinning modelmodel are mostly used for analysis of the experimental
Yy - c - ’

assumesF, = constant, whereas all the other model§2ta. ForN = 0 sample geometry, in all the-B relations,

assume a more complex relationship between the interrh%ﬁx)l will be replaced byH.

field and the current density. For most models, th&.5. Class Il problems :
relationship betweed,(x) andB,(X) for the slab geometry As mentioned in Refs. [21,5], Bean’s original statement
is generally of the form of Critical State Model (CSM) does not unambiguously
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lead to the final solution when the change in the appliadrgin curve, in the region interior to the flux-front, both
field is in a direction different from that of the initialB = 0 andJ = 0. In this region, the field generated by
field. The non-uniqueness of local field profiles is resolvethduced currents exactly cancels the applied field. The
by imposing an additional criterion of minimum flux-field B, may be reached by sequentially applying a large
change [5]. This criterion enables us to determine uniqualpmber of infinitesimally small steps ofB,, starting
the final metastable state from the various accessibftem zero field. At each of these stepdB, a new
ones. We describe the formulation of the problem bfnfinitesimally small) current shell would be set up
defining a variational functional representing the measuréthin the sample generating field in its interior that
of the change of the flux within the sample. exactly annuls the chang#B,. An infinitesimal current
For getting a unique solution in more genera$hell may be viewed as a surface current. Thus, the

situations, a new criterion of flux-change-minimizatiorshielding volume current density can be broken up into
was suggested in Ref. [5] and also in subsection 7.1. TAB effective succession of surface currents. Since each of
statement is based on the physical idea [5] that these current shells (or the equivalent surface current
response to changes in the external magnetic field, dgnsity) generates uniform interior field, it must have the
hard type-Il superconductor behaves like a perfed@'m given in Refs. [26,25]. The expression for such
conductor to the extent possible. For a perfect conduct8krface current density on an arbitrary cross sectional
JB(r)/dt = 0, and thussB(r) = 0, for all r within the cylinder can be derived by utilizing a conformal map,
sample. Thus, the quantity to be minimized/&8(r)dr. mapping the exterior of the arbitrary cross section to the
For problems pertaining to case II, the above quantity @xterior of a unit circle. For a circular cross section, the
a scalar, whereas it is a vector quantity for those of cag@face current density can be exactly calculated.
Ill. So for the latter class of problems, the quantity to be A given flux-front would be characterized B, the
minimized is J|0B(r)dr [5]. The latter is applicable magnitude of the applied field. Thus, flux-fronts form a
equally well in both the cases. one-parameter family of surfaces. At zero field, the flux-
In the next sections, we shall briefly discuss abodfont coincides with the sample surface. Bsis increased

the formulation and results obtained from the solution d¢honotonically, the volume enclosed by the flux-front
some problems of all of these three categories. shrinks in size and more flux penetrates the sample.
Eventually at some fiel@,, the flux completely penetrates

5. Class | problems : formulation, solution and the sample. The magnitude Bf depends on the critical
applications current densityJ. and sample dimensions, and can be
In this class, we have chosen an infinite cylindricaq’educed from the solution of the model. We shall use

sample of any arbitrary cross section and gradualfff® Symbol & to denote the flux-front parameter.
generalized the field directions starting from transverdgonsequently, the sample surface corresponds 00,
symmetric [22,23] (along one of the symmetry axis ofnd the innermost flux-front would be identified Gy=
the transverse cross section) to tranverse oblique [2# = Ba/MoJcb [24], whereb is the largest transverse
(along any arbitrary direction in the transverse plane) afinension of the cross section of the cylinder.

finally along any general direction with respect to the . ,

cylinder axis [25]. In this Review, we shall discuss thg.l.z. Description of flux-fronts by their conformal map :
general directional field solution as all the earlier threEOr analytical description of the family of flux-fronts, we

results can be obtained as a special case of it. conceive of a one to one correspondence between
members of the family of flux-fronts and a family of
5.1. Analytical formulation for cylinders : conformal mappings characterized by the paraméter

5.1.1. Current density, current shells and flux-fronts : e require that the conformal mapping associated with a

. , ... _given flux-front maps it onto a unit circle and @gterior
Let us consider a zero field cooled (ZFC) cylmdncafg ) b L
) . , onto the exterior of the same unit circle. If the cross
sample subjected to a uniform transverse field. As per . .
. SE?'[IOH of the cylinder be in the compl&xplane, the
the CSM, the sample responds to changes in the eXterPaamiI of conformal mappinas can be represented as 23
field by setting up an induced current densltystarting y PpiNg P [23,

24]

from the surface. The extent of penetration of flux as
well as that of induced current density in the sample is d _(on-
Y P ¢=fué)=y au®?
n=1

limited by the flux-front. In other words, during the (10)
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where the coefficientsa, n = 1, 2, ...} are in general Y i
complex functions of the (real) parametérin Figure 3, o
) J :
- 1
C |-
s
t=1( o i
1
1
: B B_l
! a
H A
1
)
Ve
1
! e
Aot f---- B
t-plane ol ~ %
¢-plane . >
[
Figure 3. Schematic diagram of the conformal mapping which maps the a
exterior of an arbitrary cross sectional contour onto the exterior of an unit X
circle.

Wllzlilgure 4. The choice of the coordinate axes and the sample geometry. The
) _ . sample is assumed to have a rectangular cross seclibe polar coordinates
be chosen in the forma, = PnEXP (lO!n). Clearly, if we set (6, o) are used to specify orientation of the applied filce,, andes are the

u = expd), (-7 < ¢ < ), eq. (10) provides an unitvectors corresponding toands. J;andJ, are components dfparallel
analytical representation of the flux-front. The initialand perpendicular to the axis of the cylinégrandB, are components &,
values of these coefficientsz., a;(0), ay(0), as(0), ... etc parallel toJ, andJ;. m;andm, are components of magnetization along and
are obtained by determining the initial conformal mapping]‘”’:’e”dic“'ar to the applied fieldy andm are the two perpendicular
of the exterior of the boundaty of cross section of the ompanents of magnetization aloggandes

cylinder onto the exterior of a unit circle. These cowhereds'is the element of arc on the boundarysuch

efficients evolve as functions af. The solution consists that ds'dz'is the element of surface area on the cylinder.
in obtaining the evolution of the coefficients. ThePerforming the integration over, we get
magnetization of the sample is expressible in terms of
these coefficients and hence can be obtained. 0 %f(y_y')J, ](X_)()H
J3 ds

we schematically present the conformal map. These

Ho
B —%gs X2 +(y- V)2
5.1.3. Surface current density producing uniform interior (x=x)"+(y=y)
field :

Let us consider a cylindrical sample placed with its axis TSl Dl Sl S
along the z-axis (see Figure 4) and let its transverse (x=X)*+(y- y)? 0
cross section be bounded by a contbuin the complex
¢-plane. (AlthoughL is a rectangle in Figure 4, the
following arguments are valid for any general crosglong the tangent to the curde The unit vector{
section). along the tangent to the cross sectional contour can be
Here { = x + 1y = f(u, &), with the flux-front written as f=idx/d<+ jdy/ ds. Thus writing
parameters, represents the conformal map of the exteriors _ J3d%/ d$ and J3=J35dy/ds, we may write
of the contourL to the exterior of the unit circle = ! N 2
exp(g) in the complex u-plane [24]. For future
convenience, we denote the limit bfu,£)/u asu —
by the complex numbef exp (7). We want to find out DU]BJS/(Z -{")Hd" with ¢ as defined earlier and
the expression for the surface current density, producing =X +1y . It is clear that the surface current densities

a uniform field in a fixed (arbitrary) direction. If the JSSQ and JSshould produce uniform interior fields

surfaﬂce Acurrs—znt density is represented ar%spectively transverse and parallel fo
J, =137 +]J;+kJ;, the field produced by it can be

written as :

(12)

The two dimensional current densify)® + jJ$ must be

J,=35+ 3k with J5={35+j35 and J,=J5. The
second term of eq. (12) can be represented as

Now, for a cylindrical conductor, the surface current
density along thez-axis producing uniform transverse
interior field B, inclined at an anglex with the x-axis,

- Ho +°°JS><(I’—T')
B(r)—4nJ':[° [r=r'F dsd?, (11)  can be obtained by solving a boundary value problem
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named as Riemann-Hilbert (R-H) problem. We here briefly

present the method for solving this R-H problem [27]. In B (1) - B*(1) _C"zclﬂ (16)
the two dimensional{plane, the region interior and r°f(1)

exterior to the contour is denoted &sand S~. When ¢ Using the boundary condition that as— o, B~ - 0,
approaches a point on L, the limiting values of the {he yajue of the coefficients can be fixed to be
complex functionB({), as represented by the Cauchy B, exp(y) and G =Bl exp(y). Using egs.

integral in Ref. [26], is denoted b*(t) and B(t) )
depending on whethef — t from S* or from S-. If the ((JlleArf1)S|{aynis(l'6)’ one can get the expression for current

interior field is along any general direction, we can

write 35 = _ 2B exp(y)cosp
B*(t) = Bo = By + 1By, (3)  Hodi T ()

where B, is applied field with component8; and B,

along x andy axis, respectively. Using Plemelj formulae +2le' exp(y)sin(o+ C

[27], one can write : [t'(o)| [t (17)
B*(t) - B () =¢(t) = -1 iy I eXp 1 @), (14)  Resolving the field into it andy componentsyiz. Boy

where tanw = dy/dx andd{" = dx' + 1dy" Substituting = Bz = Bo c0os & and Boy = B, = B sin & and
the value ofB*(t) from eq. (13) in the above equationmcorporatmg the complex value gf the final current

and after slight rearrangement, one gets : density expression can be written as :

Hodjj =1(B,+1B,~ B (§)exp(w). Hodj =2I Bysiny+e-a)/| f' @) (18)
Using the fact that the physically relevant current densitigdere ¢ is the angle between the direction of the fiBld
must be real, we can write : and the vector representing the location of the current

density in theu-plane. The quantity f[(¢)| is to be

RegBl—B' (t)) exp(w H: B, simw understood as the modulus of the derivative {pf=

f(u,&) with respect tou evaluated au = exp (¢).
which can be formulated as a Riemann-Hilbert problem

as Next, the surface current densily producing parallel

field By is simply given by [27]
Re(B' (t)exp(w): B cosw-B, simw . (15)
Hodjj = By, (19)
Carrying out the transformation frodi plane— 7 plane,
such that exterior of. maps onto the exterior of a unit

circle, one can write on the circular contour :

In the next section, we shall find out how a given
volume current density can be viewed as a succession of
surface currents and use it to formulate the CSM for

B (uyexp(@)+ B expti®) cylindrical samples.

=2B,cosw ) 2B sinw (1) 5.1.4. Volume current density :
After some rearrangement, the above equation can The volume current density generates a local magnetic
written in the form of homogeneous Hilbert problem afeld, which can be expressed as :
discussed in details in [26] :

r)
X* (W) = G(Y X (), BN =1 JII s daxdydz (20)

where X*(W=B(Y-B, X (W=B(Yy-B and
G(u)=-exp(2®). The general solution of the above
equation can be written as :

Performing the z-integration between the limits e
+0) and changing the variables of integration froxy (
y) to (&, ¢') by means of the transformatiaff = x' +

% (0} = Gy + T + G2 ty' = f (U, &), with y =d¥, eq. (5) is transformed to :
T2f'(1) 0 or .
v+ _X'

Hence, using the definition ofX (1), we get :

2l g1 (x=x)" +(y- y)?
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v , denoting the corresponding value gf by », we can
c (Y= Y)+ B(x= R, )
+k=L X dé' dg, (21) expressdBJ/@& in terms of y.
(x=x)*+(y=¥)* O ) ’

where ¥y = ygX, — XeY, IS the Jacobian of the above 0B, _ HoJeXo _
transformation. Referring to the complex quantitiéand 58 \/4,-2 sin? (y+q@ —a)sirt g+ |f' @, )} codp
" defined above, we havdl" = f,du = wf'(¢')dg'.

Thus, {£'| = ds' = [f'(¢')| d¢'. Further, comparing eq. (25)

(21) with (12), we can relate the corresponding surfa(i?smg the above expression f6iB./0&, eq. (25) can be
and volume current densities as written as

Jj xdé JUxdé
s =1 CJs =20 . _ _ '
@ T @) @2 NArTsintgrg-a)sit pr I 0)F codp
— Ao 2o 2 — : . '
The infinitesimal increment in the applied fieldB, can \/41- sin’  +@ ~a)sirf B+ |t ¢)f coSp
be resolved into two componen&B; = 0B,cos £ and (26)
0B, = 5B, sin . Hence, a comparison of eq. (22) withRemembering thay = y:x, — Xy, is the Jacobian of

egs. (18) and (19) reveals that the volume current densifgnsformation, eq. (26) can be viewed as a partial
that will shield the interior from the incremental fieldgifferential equation determining the flux contours if we

0B, has the expressions know y, explicitly as a function of. Direct treatment of
v = 2roéB,sinBsin y+p-a) such equations is not available in literature. It is possible
Holi = Xdé ’ to convert it into a more familiar matrix equation as will

be discussed in the next section.
30 2 0B,c0sB |f' ¢)|

7

o xdé (23) 5.1.5. Determination of flux-contours : matrix equations :
It should be noted in passing that (from equations Mhe points on the family of flux contours, when
(23)) J, is in general, not perpendicular tBa = analytically described by a family of conformal mapping

B, (i cosa sing +jsina sinB +kcosp). This suggests characterized by the parametér are given by
a possibility of flux cutting [28] as an inevitable

consequence for the general situation. As per the CSM, x+iy:2pn(f)exp(i£2n)
[J,| = J., the critical current density. We choose the flux- n= '

front parameter such that the dimension transverse to the = _ 6 < m with @y = 7 — (20 — 3). As
field scales linearly with&. Without loss of generality, -
we assume that the sample surface corresponds=d.,
and identify the innermost flux contour by = &, to
correspond to the applied field,. Thus, the transverse
dimensiont(£) of the flux contour corresponding t is
given ast(£) = t(1)¢. Now, using egs. (23) and the
CSM condition on the magnitude of the total volum
current densityviz. |J,[° =322+ 322 = 32, we get the
following equation fory :

oB, S p,cos(Q)-a)=0 2
L 3 pcos(2]-a) @)

mentioned earlier the parametéris defined in terms of
the scaling of the transverse dimensidg) of the flux
contour. A line through the origin that lies in tke-y
plane and is perpendicular to the field direction is given
by the equationxcosa + ysing = 0. The point of
é'ntersection of the line with the flux contour corresponds
to the anglegy(£). The equation that determings can

be expressed as

HodeX =

where Q% =y, —(2n-3)y. Using the above equation
x\/4l'2sinz(y+(p—ar)sir|2 B+ |f' @)f codp. we can write the transverse dimension of théux
(24) contour as

Eq. (24) is valid for allg. Let ¢y (&) be the value ofp
where the transverse direction intersects the flux contour
corresponding taf. Substitutingg = ¢y in eq. (24) and

t(E):i p,sin(Q0-a)=t@k. (28)
n=1



Studies of magnetization and related properties for hard type-Il superconductors 1117

Eq. (28) defines the parametér The quantityy can be ¢, = p,a,. respectively and the elements of matrides
expressed in the forn® x = f, f,— f,f,. Performing an B, C and D are function ofp, and 7 and can be
explicit calculation we get obtained as

Acm = ~(2m+ 2K=3) By  COSY =V 1w &)

x=> (@m-3)p,
m —(2m=2k=3) Ry COSY YV m kP m > (35)
* [Preos@n=0 ) Py sin@ =] (29) B =(2m+ 2k- 3y SINK pY 1)

Using eqgs. (27-29), we can evaluate the expression for

2o that does not involve the derivatives jof and . +(2m=2K=3) Bk SNV =Y 1 kP im0 (36)

Cym = (2M+2k=3) B SINY =V 1 1)

Xo =t(1)Z(2n-3)|0n sin@,-a), (30)
n= —(2m-2k=3) Py SINC =V i kP i ko (37)

where the transverse dimension of the samp(g&) =

min(a/sine, blcosx). It is to be noted thaty, is a Din = (2M+ 2= 3) By COSE =V 1w 1)

function of £ alone. Thus, the right hand side of eq. (26) ~(2m=2K=3) P, COSYr =V (P 1 1 (38)

is known in terms of the values @f and y% and does

not involve their derivatives. The expression (29) jfor

can be transformed to the following form

where the symbol®,, = 0 for m < k, and = 1
otherwise. The matrix eqs. (34) are solved numerically
by truncating the matrices as followed in Refs. [24,25].

X(E'w)zgjukcoszquk sinkp , (31) 5.1.6. Numerical scheme :

To solve the coupled equations given in (34) numerically,
we first eliminate p, from the second equation and
solve for g. Using the value ofg, p, is determined
from the first of eq. (34). Having obtained the quantities
p, and g, = p,v, Wwe can find p,(§+A4&) and
{PuYnSINY M=V )= PmCOSY iV m ) V(€ +AE).

< Pa(§ +48) = p, (&) +A& P(&), (39)

+ Z (2m-2k-3)p,,
e V(€ +A8) =y, (&) + A&y, (E). (40)

{PaVaSINWm=Y )= PmCOSK iV m ) (32)  The initial valuespy(l) and #(1) are known from the
. equation of the sample surface. Egs. (39) and (40)
V, = Z (2m+2k=-3) Bs successively determinp,(£) and j(£). For calculation
m=1 of magnetization also we have to preserve the values of
. _ o _ these coefficients and also gf at each step of sizdl.
PV COSYn =Y i)= PnSING oy m F For our numerical calculations, we have used a step size
© A&, = 0.002.
- (2m-2k-3) B«

m=k+1

where

U, = i(2m+ 2k-3) P «

We have worked out our results for a special case of
a cylinder of rectangular cross section. The rectangle has
{PYnCOSHm=Vm k)~ PmSINY iV m - (33) longitudinal and transverse dimensiong 2nd d,

. . . - . ively witha = 0.6 andb = 1.0. T rmine th
Let the Fourier cosine and sine coefficients of the rlghFSpeCt ely witha = 0.6 andb 0. To dete e the

itial values,p,(1 dn(d begin with th f I
hand side of eq. (26) be denoted dpyand dy respectively. it _va ues,py(1) ands(1) we_ egin Wi € conforma

. : mapping that maps the exterior of the rectangular cross
Eq. (26) impliesUy = ¢, and Vi = di. This leads to two

) ) sectional contour to the exterior of an unit circle. The
matrixequations most general such transformation from (the rectangle in)
Ap" +Bg =¢ Cp +Dq =d (34)  the &-plane to the circle (in the-plane) can be written

Here p, q are column vectors with elemenfs, and as given in Ref. [29]
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field B, corresponding to the parameter valdg is

2 _ 2 _
7 :céy}{(t -k )} dt+ 8 (a1) obtained from the same equation.
5 .
Uy Xod¢ ,
Here ¢, k, ¥ and ¢ are constants, and(u] > 1) and B* IE b\/4l' Sirt (/+q —a)sirt B+ |f' @)} codp
Uo(ug] > 1) are two points exterior to the unit circle. | (47)

our case, we have chosen the phase fagtor such a )
where B* = poJb. Full flux penetration corresponds to

way that the sides of the rectangle are parallel to the ~ 0 when th ¢ flux front red ‘ )
coordinate axes. The right hand side of eq. (22) can B2 _ when the innermost flux front reduces to a poin

expanded in powers of () the coefficients in the or line. The corresponding fielB, is obtained from eq.
. . . - (34) with lower limit zero.
expansion provide the required initial values mf and

%. The sides of the rectangle are expressed in terms of Knowing the cartesian components of virgin
elliptic functions. magnetization, we can calculate the parallel and two

perpendicular components. The required expressions are
5.2. Magnetization curves : m,;=(my cosa + m, sina )sinB+ m), co , (48)

The magnetization for a ZFC infinite cylindrical sample = :
. o =mysina-m, cosx, (49)
can be obtained from the expression :
L mf =~-(m, cosa+ m, sina )coB+ ry, siB (50)
m, :ﬁﬂ'r'x‘]dx'dy. (42)  The hysteresis loops for the above components can be

obtained as usual (as described in Refs. [24,25]). In the
Here, A is the area of transverse cross section of the

next subsection, we shall briefly describe some results of
cylinder, which for rectangular cross section &h,4with

. our calculations and their realistic applications.
sides 2 and b. As seen before, the total currehtcan

be written as 5.3. Results and discussion :

dx - dy

J=3; d_, +J38 =2 ]+‘]|L|‘|2' 43) We divide this subsection into two. In the first one, we
S ds

shall describe some important details of the flux-penetration
From egs. (42) and (43), changing the variables @&haracteristics when the applied field is along any arbitrary
integration from X, y) to (£, ¢') and using the direction in the transverse plane (transverse oblique). In
corresponding volume current density expressions, tHee next part, some applications of the general field
different components ofn, can be written as follows. directions are also described.

Hom,, = ”S'Lnﬁ ; od pLCOS 5.3.1. Transverse oblique field direction :
For illustration purpose, we choose elliptical cylinders.
We have presented in Figure 5, the flux-contours for
~p,cos@,+a; - a)}%% dg”, (44)  three different angles of orientatioms)( of the applied
field for the sampleg = 0.4, b = 1.0). It is seen in
msinB ) Figure 5, that the flux-contours all have a notch (apex).
Homyy = A Jo p{psina The apex leaves the sample surface as the applied field
is increased. The result that apex of the flux contour
-p,sin@,+a, - a)}%g dé', (45) leaves the §ample surf.ace is in general agreemen.t with
Lé=s other numerical calculations for the cage= 0° and this

feature has also been justified on physical grounds [23,
Hom,, ncosﬁ ZIO (2m- 3)Dm 30].' Apex rt?presents th.e point on a flux-contour where
vanishes. Figure 6 depicts the movement of the apex for
different o values. The movement, in general, is along a
(46) Path curved near the sample surface and is almost linear
otherwise. As the field penetrates the sample, the curve

»B,0 .,
XD5—D dé’.
¢ G

The quantity SBJ/S¢E is given by eq. (25). The app”edgenerated by the movement of the apex divides the
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Figure5(a) _ ——F1——_ a=0° e—— a=04
0.75 1 ; ' 1 g0 . b=10
—25°
0.00 054 ——60°
—75
0.75 ood i Y=
>- --------------------------
0.75 - 054
0.00 1.0 T I
L] . L] hd hd L hd L]
0.75 4 -0.4 0.2 0.0 0.2 04
X
Figure 6. Movement of the “apex” of various flux fronts for different
0.75 - orientions of the applied field. For the field directiarthe apex follows a
curved path, the linear portion of which has a slope different &om
0.00 field accompanying 6B, alone, that governs apex
movement. One must also consider a contribution coming
0.75 7 ey from the 6B, generated by the induced currents. A
straightforward but detailed calculation reveals that the

—0.4 0.2 0.0 0.2 0.4 local electric field due t@B; (generated by the current

Figure 5. Flux-contours for an elliptic cylindrical sample with the semi—axe%ensity) contains a term that exactly cancels that coming
a=0.4 andb = 1.0. The outermost curve corresponds to the sample surface

(B, = 0). Successive contours correspond to a chéBge 0.04H*, Results  ITom the change’B.. The resultingE leads to the apex
are shown for three orientions of the applied magnetic field &9°, (b))  movement depicted in Figure 6. All along the process of
= 15°, (c)ar = 75° measured from theaxis. The arrowheaded line in the field trati SB. i d t h .
figures shows the direction of the applied field. e penetration, a IS assume 0 changquasi-
statically. Thus beyond full penetration, an increas®,
current carrying region into ones carrying the currenwould generate a surface current density to shield the
density 4. and J.. In the case of an elliptical cylinder interior from the change. The surface current density
for & = 0° and 90° and for a circular cylinder for atl would relax into a current shell (volume current density),
values, the apex moves along a straight line parallel tee net current density would now exceed the critical
the field direction. The linear portion of the curve is, ireurrent densityl.. The relaxation would then continue by
general, not parallel to the applied field. The angl#Fansferring the excess current on the next current shell
between the two, however, progressively decreases as @ the process would continue until the excess current
field orientation approaches 90°. is transferred on to the innermost current shell. Once the

At first sight, the result presented in Figure 6 appeaf{!angedBa has been established all over the sample,

contradictory to what one would expect from asymptotit? the innermost shell that is in excessJpfwould start
considerations. At very high applied fields (beyond thdecaying. The direction dE in the shells external to the

field for full penetration), the whole of sample carried"nermost shell does not change during the decay of

shielding currents and an increase in the external fief§2ving the current distribution there unchanged. By a

does not lead to setting up of additional currents. At thgetailed calculation of the local electric field [24], it is

stage, one would imagine that the chang@ in the straightforward to show that the direction of current
local field is equal to the changéB, in the applied density is decided by that of the lodal

field. Thus, ifB, is increased at a constant rate, it gives The extent of proximity of the slope of the linear

rise to an electric fieldE that vanishes along the directionportion of the apex movement curve and that of the
of 8B, Since current must flow in the direction Bf E  applied field direction depends on the inherent sample
= 0 line must also represent the line of separatiohsymmetry about the applied field direction. The more
between the current densitiesl.+ It is to be noted, asymmetric the sample, the more is the deviation of the
however, that before full penetration, it is not the electrigbove mentioned slope from the applied field direction.
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In Figure 7(a), the virgin magnetization curves foifo estimate the effects on the order of magnitude of
different angles of field orientation are plotted. The valuesome measurable quantities, we considered a model current
of saturation magnetizationM{,) and field for full distribution as 4. on either side of a line through the
penetration By) vary between the maximum far = 0° centre, parallel to the applied field and evaluated
and minimum for 90°. At each stage of field penetratiorexpressions for saturation magnetizatibvhy,, and the
we have checked that the field generated by the inducediresponding field,. As expected, forr = 0° and 90°,
current distribution, everywhere within the flux-contourthe results obtained from the model current distribution
indeed cancels the applied field. The direction of theoincide with exact results (obtained by our numerical
magnetization is, however, different from that of therocedure). For intermediate values of, the model
applied field, implying the existence of a perpendiculacurrent distribution leads to results close to the exact
component to magnetization. In Figure 7(b), we haweesults. It is clear, however, that the true valuedVigf

0.25 and B, depend on the detailed description of field-
{a=04 (@) penetration. Further, as per the model calculation, the
0.20qb =10 T . directions of bothB, and M ¢ are not along the applied
015‘ T T 157 field direction. We have shown the angle dependence of
7] //’/://ff*‘* _____ ag® By, Msas By andMg, in Figure 8. The mismatch between
— s - .- .
= 0104 A ——45° the model and the exact values of these quantities is
- Vs = . . .
.y 1 /,’/;-’/// 600 apparent. The true separation between the regions carrying
o —75 . . . . .
0.05- ,,5//’, 90" +J. at full penetration is depicted in Figure 6.
- 5 -
0.00 T I t 1 T T T 1 u T 08
z T
= o
5 o
o T
= =
= A
S s oed T
m =3
-~ 4
@] 0 T T T T T T T T T T T
0 20 40 60 B0 100 120 0o
Qrientation Angle of B_ () T "% s & e 106
Figure 7. (a) The virgin magnetization curves for different orientations of o (in degrees)

the applied magnetic field fd8, < By, the field corresponding to full _. - . . )
penetration. The elliptical sample has semi-axes 0.4 andb = 1. (b Figure 8. The variation of saturation magnetizatidg,;and the field for full

Orientation angle d¥1 as a function of the orientation angtef the applied Penetratiord,, as a function oéz. We have also plotted the quantitisand
field for differentB, values. Msaras a function ofr for a model current distribution.

plotted the orientation anglé of M as a function of the We now present some results to show that our method
orientation anglex of the applied fieldB, for two fixed of solution can be utilized to estimate the effects of
field values as well as at the saturation filld The geometric anisotropy [31]. As seen earlier, for a totally
geometry of the sample is shown as an inset. This figuisotropic shape like a circular cylinder, the apex movement
compares well with Figure 5 of Ref. [30]. The authors ofurve is a straight line parallel to the applied field for all
Ref. [30] have seen the same kind of behaviour for amvalues. We have studied the variation of the deviations
intrinsically isotropic sample (PbMoS) and also for §4) of the apex movement curve from the applied field
sample having intrinsic anisotropy (YBCO). Both ofdirection at the centre of the sample as a function of
samples are having the same highly geometricalljifferent aspect ratiosy) for three differenter values in
anisotropic shape (thin platelets). We have reproduc&igure 9(a). The variation oft with y is maximum for

the same behaviour only considering the effect ot = 45° and with increase or decreasecothe rate of
geometric anisotropy. This supports the validity of theariation decreases. For asymmetric samples, the
theoretical study of effects of only geometric anisotropyerpendicular component of magnetization acquires a non-
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zero value and the magnitude of it increases with the &0+ (&)
increase of the sample asymmetry. In Figure 9(b), we - Tl y=0.001
.. . . @« s T
have plotted the variation of the ratio of perpendicular g 40 ’ ; —vy=04
and the parallel components of magnetizativh/¢,) as S
a function of y for three differentor values. Fory less %20—
than a certain value (~0.4), largest rate of variation is .
observed for greatar values. In Figure 9(c), the variation 2 e —
| b)
] I y=0001
— 457 (@) a=15 = , | —v=04
L * -
3 =
o) 14
i)
o -
= 0
p== 4 T ' 1 T
-« - (€)
3] —y=0.001
T R y=0.4
m”®, |
= 1
1 1 e
= i ™, — =75 e i e S I
S 0 20 40 60 80 100
L (L e o {in degrees)
0 ] i Figure 10.The variation of (a1, (b)M_. /M, and (c)B,/B* as a function otx
L B L S HL A for two differenty.
0.6 © _—
i __,.;;;::1"'"' The different flux contours in the transverse plane of
* 0.4 ’,,.-;;:;""' 180 the cylinder are plotted in Figure 11 for a definite
;n. i T q'450 azimuthal orientationd = 45°). Four curves are obtained
ST o= . . . i
0.2 g = 780 for four different polar orientations. In a similar way,
. ,,,;;f" Figure 12 represents the flux contours for a fixed polar
0.0 fF—————————1—r— orientation B = 45°) and for different azimuthal
0.0 0.2 0.4 y 0.6 0.8 10 orientations ). Returning to Figure 11, wheff = 0°,

Figure 9. The variation of (a)t, (b)M, /M, and (c)B,/B* as a function of the  (Figure 11(a)) the field is along the axis of the cylinder
aspect ratioy{ for three different angles of orientation) (of the transverse gand the flux-contours are independent @fvalues (in
oblique applied field. fact,  is not well defined for this case). As is well
of the field for full penetration B,) is depicted as a known, the successive flux contours are then equidistant

function of y for three differenta values. For very thin from each other.

sample as well as for circular cylinder £ 1), any field In Figure 13, the hysteresis loops are plotted for (a)
orientation will lead to the same full penetration fieldm and components ofn;, nt (b) and mé(c) for o =

For intermediatey, value of By is more for lessc. In 45° and 8 = 60°. Each figure contains a virgin curve,
Figure 10, we have studied the variation of (&) (b) one small loop with reversal field beloB, and another
M./M; and (c)By/B* as a function ofe for two different loop with reversal field atB, and a big loop, with

7. The overall rate of change of and M./My is more o orcq) field value beyond, A detailed survey of
for less 3 whereas forBy/B*, the situation is reversed. hysteresis loops for differentcf 5} combinations reveals
5.3.2. General field direction : that the sign ofm, and one of the perpendicular

We have studied the problem of flux penetration fopomponent of magnetization is opposite to that of the

infinite cylinder of arbitratry cross section under generdlth€r perpendicular component.

field direction [25]. The results are presented for a In Figure 14, the variation of the full penetration
special case of an infinite cylinder of rectangular crodteld (B,) and the saturation value of magnetization.]
section. is shown as functions ofr and . From Figures 14(b
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Figure 11. The flux contours for different values of the applied field for a fixed azimuthal orientatiod5° and for four different polar orientations

(a) =0°, (b)B=30°, (c)B=60° (d)5=90°.

T
DB 04 -0 [LXH) Q7 0a 0.8 D6 04 -ne oG 0.2 0.4 0.6

Figure 12.Flux contour configuration for a fixed polar orientatj@r 45° and for four different azimuthal orientations ¢eg 0°, (b) = 30°, (c)ar= 60°,
(d) =90°.
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Figure 13. Magnetization hysteresis loops for tmg (a) , mlD (b) and mé (c) for = 45° andB = 60°. The small loop corresponds to a reversal field of
0.238H* and the second loop is at full penetration fieg £ 0.553%4*). For the big loop the reversal field iB2

and d), it is observed that differentcurves meet aff  supports the earlier mentioned fact that wier 0°, all
= 0° the latter corresponds to parallel field geometry values will result in the same flux-contour configuration
(also the dotted line in Figures 14(a) and 14(c)). Thiand hence produce the saBg and Mg,
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Figure 14.The variations of (a) full penetration value of the fidg) fvith respect to the change in azimuthal orientatfer different polar orientations
B, (b) B, versusB curves for differentr values, (c) the saturation magnetizatiagversusx for differentfvalues and (dh, versusGfor differenta values.
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We shall now briefly describe two applications of thigven harmonics either by applying a dc bias or by
general formulation of CSM for cylinders. In the firstimposing a field dependence ovef, such that the
one, we shall utilize this result to calculate the ahysteresis cycle becomes highly asymmetric.
susceptibility components (8 5.3.3) and in the next,
reformulate our scheme with stepwise modifidd 5.3.4. Analytical formulation :

(8 5.3.6) to interpret experimental results. Consider an infinite cylinder of any arbitrary cross section
5.3.3. ac susceptibility calculations : subjected to an ac fielB, = B,.coswt along any general

To investigate the nonlinear dynamic response of hagifection having a polar orientatiof and an azimuthal
type-lI materials, measurement of the fundamental arfgientation o. The field orientation with respect to the
higher harmonics of ac susceptibility is a powerfusample is as shown in Figure 3. The magnetic
technique [33-35]. Such measurements offer marspsceptibility tensor under such a general applied field
possibilities to analyse the macroscopic properties of girection is defined by the equation :

wide varieties of vortex phases in type-ll materials

(including thermal instability induced phases in HTSCs) %’-’omxg BXM X12 XlsgSBxg

such as : the transition temperature of each structural THoM, [F [X21 X22 X231B, 0O (51)
phase in a multiphase material, investigation of EWosz ngl X32 ngaEBzEr

irreversibility line, to measure the critical current density

and pinning potential, to separate the inter-grain ang® have a close comparison with the experiments, we
intra-grain contribution in a polycrystalline sample N rewrite the above equation in terms of the parallel
determination of the critical magnetic fieldé{ and and two perpendicular components of magnetization as :

He) and so on.

Femi B o (1B, O
Here, we deal with an infinite cylinder of any arbitrary O s Xiz Xlsm X
oM, D X21 X22 X230 O (52)

cross section subjected to any general directional ac field

B. = B..coswt. The fundamental and higher harmonic @-’omz Mo Xaz X33H}OH
response of the parallel and two perpendicular compone?ts
of ac susceptibility are investigated with the variation o
ac field amplitude, polar or azimuthal orientation of the
applied field. The effect of geometrical anisotropy on the
fundamental and higher harmonic ac response of t

sample is also studied, by varying tlab ratio of a
P y ying cPe field along three orthogonal directions, one can

rectangular cylinder for various values of the ac fiel

evaluate all the elements of the susceptibility matrix.
amplitude. The behaviour obtained for higher harmonlc

r]der the application of an ac field, the elements of the

generation have close resemblance to the experlment

ensor are complex. Hence one can write,
results shown in Refs. [35,36]. In all these cases, we
dssumd the b.ul.k. pinning td be the baS|c. mechadlsm to Xu1= X, = X)X Xo1 = Xb = X +ixt,
induce irreversibility (neglecting surface barrigrg, within
the CSM description. For simplicity, the critical current Xa1 = X2 =x5 +1x5 . (53)

J. is considered to be independent of the Iocal ﬁelEor evaluation of the parallel and perpendicular

(Bean Model). As mentioned in Ref. [37], ac
fibilit bt d by fol the CSM d i components of magnetization, we utilized our formulation
susceptibilities obtained by following the escrip |on sed in earlier sections. With the help of those

?r:e tqu?5|ldsta_|t_|§ e |r|1dedpendednt Oft;he frethtuzncy foth xpressions, one can numerically evaluate the in-phase
€ acte ese only depend on the ampiiude o d‘?spersmn and out-of-phase absorption components of
ac field. Also while calculating the higher harmonics, |¥

ndamental and higher harmonics of ac susceptibility
is observed, as expected, non-zero values for only odd

harmonics. Due to the symmetry of the increasing and

i i i 2
decreas_lng field branches of the hysteresis cycles, even X/(n m (9 cosmtde?), (54)
harmonics are zero. Of course, one can get non-zero B 0

is obvious from the above equation that knowledge
about the parallel and two perpendicular components of
magnet|zat|on for a particular orientation of the applied
ﬁnagnetm field leads to the evaluation of the first column
the susceptibility matrix. In a similar way, applying
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" _ .UO 2 .
Xx.'(n) = m(Psinrwtdwt), (55)

nB,.J0
where i stands for the parallel or the respective Si; .
perpendicular components of magnetization and
susceptibility andn denotes the order of the higher
harmonics,n = 1 specifying the fundamental component.
With the help of the above two equations, we calculated
the fundamental and higher harmonigs and " o
components for the parallel and both of the perpendicular &
components of ac susceptibility. =

(.00
5.3.5. Results and discussions

For the purpose of illustration, we consider a rectangular
cylinder of a/b ratio 0.6 and plot the real, imaginary as _ %7
well as the magnitude (modulus) of the fundamental and
one odd higher harmonics of the parallel ac susceptibility = 0.3
component as a function of the ac field amplitude and
with variable orientations in Figures 15-20. In these .. |
figures, we have plotted the susceptibility components T T T T
with respect to the ac field amplitude normalized By ' B /B

= HoJcb, whereb is longer dimension of the rectangularrigure 16.Real (), imaginary (;ge“’;) and modulus (#]) of the parallel 3rd

harmonics of ac susceptibility as a function of the normalized ac field
amplitude forg = 45°, oz varying from 0° to 90°.

Iy, (3) |

0.20

B,/ B B,/ B
Figure 15. Real (), imaginary §') and modulus (}|) of the parallel

fundamental ac susceptibility as a function of the normalized ac field amp"tuggrpendicular fundamental ac susceptibility as a function of the normalized

Figure 17. Real (¢ ), imaginary (') and modulus (¢|) of the first

for f= 45° e varying from 0° to 90°. ac field amplitude fo = 45°, o varying from 0° to 90°.
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Figure 18. Real (¢'), imaginary (") and modulus (¥|) of the first

Figure 20. Real (¢ ), imaginary (') and modulus (}|) of the second
perpendicular 3rd harmonics of ac susceptibility as a function of the
normalized ac field amplitude is plotted 8= 45°, « varying from 0° to

perpendicular 3rd harmonics of ac susceptibility as a function of th§b°

normalized ac field amplitude fgt= 45°, & varying from 0° to 90°.
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Figure 19. Real (¢ ), imaginary (¢') and modulus (j|) of the second

cross section of the cylinder. Here, of course, we have
presented only some selected figures (Figures 15-20) for
illustration. For a detailed discussion, Refs. [39,40] can
be consulted. For the general cg8e= 45°, « varying
from 0° to 90°, the fundamental and odd higher harmonics
for the parallel and two perpendicular components upto
3rd order are plotted in Figures 15-20. We have also
plotted the effects of geometric anisotropy for only parallel
component with the change afb ratio for the rectangular
cylinder. The variations are depicted in Figures 21(a) and
(b). We compared our results with the experimental
studies of [36] and [37] for silver-sheathed Bi-2223 tapes
and MgB polycrystalline bar respectively where a close
resemblance can be observed.

5.3.6. Stepwise modification :

For all our earlier calculations, we have tak&nto be
field dependent. For analysis of the experimental results,
the analytical formulation needs some more generalizations
incorporating the field-dependence and stepwise
modification of J..

This formulation is exactly similar to those followed
in previous sections, where the volume current shell is

perpendicular fundamental ac susceptibility as a function of the normalize@nstructed as a succession of infinitesimal shells, each

ac field amplitude foff = 45°, & varying from 0° to 90°.

considered as a surface current. As the applied field is in
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0.00
.0_02_-7 5Ba _ IJO‘JC(B) |(p:(q7 XO
004l 38 2 sinfy+p-a) (59)
:2:3:3’ The right hand side of the above equation is known on
~ 010] a certain shell and can be expressed in terms of the
:z_o_m_’ coefficients of the conformal mappingp,( and «)
014+ following a similar procedure as followed in earlier
0.161 sections. Hence, knowing the right hand side of eq. (58)
-0.18

in terms ofp, and «,, the derivativesp, and a, are
obtained by solving the matrix equations. Thus, the next
flux front can be constructed if one knows(B) on
every point of the present shell. For this purpose, we
obtain the local field by the formula

B(r):&HJ ((BX(E . @) Ci(y= V) + i(x= X)) & ¥
2m (x=x)* +(y=¥)°

020
018

0.16
0.14 4
012+

0.10+
008—

x” (1)

0.06-
(60)
Using eq. (58) one can rewrite the above equation as :

0.04—

0.02 00
DO‘UZ‘DA‘UG‘OBIID

ooo...l.......

00 0.1 02030405060708091011 Br__
, () J’O [

Figure 21.(a) Variation ofX|'|(1) with the aspect ratig’€ a/b) of a cylinder
wnh rgctangglar cross section fo_r different values of the ac field amplltudgs 2r sinfy-¢ -a)H y-y)+ jx-x))dy dB
as indicated in the figure. Behaviour for low values of ac field amplitudes is X 2 >
depicted at the inset. (b) Variation #f| (1) with the aspect ratig& a/b) of (X=X)"+(y-Y)
a cylinder with rectangular cross section for different values of the ac field

amplitudes as indicated in the figure. Behaviour for low values of ac field (61)
amplitudes is depicted at the inset. Hence, the magnitude of the local field can be calculated
as :
the x — y plane, the current density (surface as well as
volume) is alongz-axis. As J_ = J .k, the relation between %Ba 2r 2 siny+¢ —a)(y-y X¢ dB, f B
TR S . o+
the surface and volume current density is given by : 1 o Jo (x=X)% +(y- )2 0 %
JS:Jude. (56) 2T g an 2l sin(y+(p'—a)(x—>()d(afdl?éE2 O
|"@ St 0 R P  C
Here, y is the Jacobian of transformation from the variable 62)

(X, y) to (& ¢) as described in earlier sections. Equating

the above equation with the surface current densi@aICUIating the local fieldJ(B) can be calculated by

expressionJs = 278B,sin (y + ¢ — a)/|f (#)|, we obtain using the appropriate functional form (exponential, Kim
the volume current density as : model, history dependencsic) and hence the flux-front

configuration or the magnetization calculation can be
(57) performed. The formulation is based on the realistic
approach that each time with the change of the externally
applied field, the local field inside the superconductor
will be modified starting from the surface. This process
of modification of the local field starting from the surface
Let ¢o (&) be the value ofp where the transverse is similar as in the framework of the critical state model.

direction intersects the flux contour correspondingéto ©On the other hand, our formulation contains some exira
Substituting ¢ = ¢, in eq. (58) and denoting the input in such a way that with any change of the external
corresponding value of by y, we can expres$By/5¢  field, all the infinitesimal current shells (starting from the
in terms of y,. surface) get modified. This is different from our earlier

2 sinfy+¢p-a)oB,
X 3¢
Equating J,| = J.(B), we get :

Hody =

B .
Hod.(B), = 56; 2r sinfy+o-a). (58)
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approach where (a% was constant) with an infinitesimal compounded with those due to a non-zero demagnetization
increase of applied field, only one innermost shell wafactor. To study the effects of anisotropy alone, it would
added to the earlier flux front configuration (as all thée instructive to analyze the problem for the= 0
other shells are already carrying a currégt In this geometry. In the present study, we considglindrical

case as); itself is field and sometimes history dependensamples of hard type-Il superconductors in a parallel

it gets modified for each shell with each and everyjeometry. The simple geometry brings out the essential

an approach of stepwise modification scheme is logicalyy an analytical treatment.

stronger from the realistic point of view and thus is very

. . . In next subsection, we briefly present the formulation
much useful to explain experimentally obtained resultsa

nd a derivation of the general form of flux-fronts
assuming arbitrary cross section for the cylinder and also
. . an arbitrary form of the anisotropy id.. This should

In this section, we shall address two unsolved problems y Py 0

. ) .~ . .suffice for the calculation of magnetization curves.
of class Il geometry, where the applied field direction is ] ) o
owever, for purpose of illustration, we choose elliptic

along the infinite dimension of the sample. In the first ~ " " o i
subsection, we study the effects of intrinsic anisotropy ocallmdncal samples and the elliptic form [49] of anisotropy
the magnetization property of a hard type Il material. Iﬁor Je.

the next one, the order-disorder transition for a weaklg
pinned vortex matter system is studied. '

6. Class Il problems

1.1. Formulation :

Consider an infinite cylindrical sample of a hard type-II
6.1. Critical state model with anisotropic critical currentsuperconductor subjected to a magnetic fiBjdparallel
density : to its axis that is taken to beaxis (Figure 22). The

In the earlier sections, we obtained solutions of the CSM Z
for cylindrical samples assuming an isotropic critical
current density forN # 0 sample geometry. In this
subsectionanalytical solutions of Bean's critical state
model with anisotropic critical current density J. are
obtained for superconducting cylindrical samples of B
arbitrary cross section in a parallel geometry[40] (N

= 0 geometry). We present a method to calculate the flux
fronts and magnetization curves.

CSM solutions are available in the literature
[42,43,14,15,44,19,11,45], for field-independent as well
as field-dependend., for samples in parallel geometry X

where demagnetization factoN = 0 as also for
. Figure 22. The parallel geometry for a cylindrical sample. The cylinder is
perpendicular geometry wherdl = 0. In all these infinite in tz-direction. The long axis of the cylinder is parallel to zke&xis,

solutions, the critical current density is assumed to R@ich is also the direction of the applied fiélg
isotropic, i.e. |J¢| does not depend on the orientation of o o ] ]
J.. Although the assumption of isotropy is valid formagnetic _fleIdB within the sample is determined from
many real samples, there are situations where ttq%e equations :
assumption cannot be justifieé.g. samples of high- 0B/0x=~-UyJd,, 0B/0y= 4y J, (63)
superconductors with f'eI.d paraliel @b-plane [46] and where J, and J, are components of the shielding current
also [47] for the ngwly_d|§coyered supercgnductor MgBdensity and satisfy the condition of the CSM,
when the applied field _|s inclined to trma@s. S.chuster. 32+432=|J_F. To study the effect of anisotropy i,
et al [48] have studied flux penetration into thin Y % ~°¢

) ) ] . we assume the general form
rectangular samples having anisotropic critical current
density in the perpendicular geometry. This geometry 13 F I T@). (64)
pertains toN = 0. Here, the effects of anisotropy areHere @ refers to the direction of the current densitg,

Y
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tan 6 = J,/J, = —(@BIdy)/(dBIJX), andJ is the critical 6 = —¢, and if we choose = f(¢), eq. (68) reduces to
current density in the absence of anisotropy. In generah identity. In terms of the parametgreq. (65) may be
Joo could be a known function of the local fieBl say, written as
Joo(B). From eqs. (63) and (64), we have B = p(cosp + sing) + r(g). (69)
For a fixed value off, eq. (69) represents a plane in the

(0B/0X)"+(@B/0Y”= (ko 1)" = (ko L) ” 16)" (65) (B, %, y) space. Tfﬁe qen\(/elgpe pof the onz parameter
Solution of eq. (65) determines the functiB(x, y), that family of planes represented by eq. (69) is obtained as
assumes the valud, on the boundary, gives theusual by eliminatings between eq. (69) and the equation
distribution of the local field within the sample. It also 0= p'(xcosp+y sinp)
determines the contours of constdhtor the flux fronts. +r'(Q) + p(—x sinp+y cosp) (70)
Before we determine the flux contours, following [50],
let us introduce a new variable sAywith the dimension
of length. In [50], the indefinite integral

obtained by differentiating eq. (69) with respect to the
parameterg. In the above equation, prime on a symbol
denotes the derivative with respect # The solution

_ B surface (envelope of surfaces represented by eq. (69))
A _I dU/[HOJCO(U)]' must touch every member of the family. Thus, each point

was used. We shall work with the definite integraP” the solution surface corresponds to some valug. of

representation of3 with zero as the lower limit. If we L€t US takex = x(s), y = y(s) to be the parametric
determine 8, we can obtairB = B(f) by inverting the equations for the boundary of the cross section of the

above defining equation. We shall also denotefhythe cylindrical sample. The solution will satisfy the boundary
Bvalue corresponding tB,, i.e. B, = B(A,). Further, we condition if B(x(s), ¥(s)) = S is identically satisfied for
will assume thatJn(B) is a monotonically decreasing all values of the parametex Hence, J5(x(s). y(s))/ds

. . dnust vanish for als. These two requirements determine
function of B|. Thus, flux contours can be determine hich b f the familv touches th lut ;
. . .. which member mi ion sur

from the knowledge of eitheB or S. The latter satisfies ¢ ember of the family fouches the Solution surtace

. at the point £, x(s), y(s), i.e. determines¢ as a
the equation function of s and also the unknown functian(¢). From
(0B/0x)?+(0B/oy?> = f(6)>. (66) egs. (69) and (70), we have

A comparison of eq. (66) (that does not involkg(B)) r(@) = B, — p(x(s) cosp+ y(s)sing ), (71)
with eq. (65) shows that the shape of the flux fronts is
independent of the functional dependencelgB). If Jo

is independent oB then 8 and B are linearly related by r'(@) + p(=x)(s)sing+ y(s) cosp ), (72)
B = HoJof It would be prudent to work with eq. (66)valid for all s. Differentiating eq. (71) with respect ®
rather than eq. (65). Clearly, eq. (66) is a nonlinear ﬁr?’ields

order partial differential equation. Its solution can be
obtained [51] as aenvelope of its one parameter family
of solutions which in turn, is obtained from itsomplete EQ. (73) provides the relation betwegnands, i.e. it
integral, i.e. a solution involving two arbitrary constants.determines which member of the family touches the

0=p'(x(s)cosp+ y(s)sinp)

cosp@x /ds)+ sinp (dy/dg= 0. (73)

It is easy to see that the function solution surface at the poink(§), y(s)). Eqgs. (69-72)
B=px+ay+r (67) 'MPY
involving parameterp, q andr that are independent of  B-B,=p Hx—x(9)cosp+ (y- y(9)sinpgF (74)
x andy, satisfies eq. (65) provided and
2 2 — 2 ' ;
P = 1) ©8)  0=p'(x-x(9)cosp+ (y- Y(9)sinp]
with tan & = —g/p. Thus, p and g are related. If we )
choose the parameteralso as a function op, we get +p(x=X(9)sing+(y- Y 9)cosp]. (75)
a one parameter family of solutions of eq. (65)Using the relationo = f(¢) and solving egs. (74) and
Alternatively, we choose a parametgrand writep = (75) for x andy, we get the parametric equations for the

pcosg and q = psing and setr = r(¢). We then have constantB or the flux contours
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x=X(9-(h p)[(p'/ p)sing+cosp], (76) y=Hb’18)-(h! p){2-(a/ p3 Bina (81)

y=¥(9-(h p)[sing-(p'/p)cosp] (77)  where
It should be noted that during the virgin cung&,> 0
and progressively decreases towards the center of the
sample and hence for ally(B) decreasing withg|, £ — p=1f(@)=(cofb+a’sirto}'?. (83)
Fa is negative, while during field reversal from the field
increasing casefl — [, is positive over part of the
sample. To cover both these cases, we have bsed
|8 — G4 in egs. (76) and (77). The entire sample can
covered by means of flux contours lif is allowed to
vary fromh = 0 at the surface tb = B, at the field for
full penetration.

A=(a’cos g+b®sirfg)'?, (82)

It should be remarked that eqgs. (80) and (81) represents
mathematical flux fronts which can possibly have double
tg)eoints corresponding to applied field beyond a certain
value [42,50]. The physically acceptable flux fronts must
progressively reduce in size and can be obtained from
the mathematical flux fronts by dropping out the
) extraneous portions. Figure 23 should clarify the situation.
Since we have solved eq. (66), we Sh_OU|d remembg(gure 23(a) shows the mathematical flux fronts and
that the flux-contour parametér = |5 — £ involves . Figure 23(b) shows the physically acceptable ones

In the case of constadtco_, B = HoJeoff and Ba_: “‘)JC?ﬁa' obtained from Figure 23(a). Egs. (80) and (81) also
In the general case of field, dependdaf B is obtained determineB,, the field for full flux penetration. At full

from £ by inverting the defining equation f¢ based on penetration, the flux contour reduces to a point (the
the known field dependence df. Eqgs. (76) and (77), center of the sample) or a line that must pass through

together with eq. (73) that expresses a relation bet\NefH?e center of the sample. At full penetration, the paint

¢ ands, represent the general result for flux fronts valid , _ 0 lies on the flux contour. A simple algebra using

for cylindrical sgmples of any arbitrary cros§ sectiggqs_ (80), (81), (82) and (83), leads to the result ihat
whose boundary is represented by the parametric functions

X = X(s), andy = y(s) and for an arbitrary form of
anisotropy. In principle, virgin and hysteresis magnetization
of the sample can be obtained using these equations. We
shall now specialize these equations to elliptic cylinders
and elliptic form of anisotropy.

6.1.2. Elliptic cylinder and elliptic anisotropy :

(a) The flux contours :

The elliptic boundary of the sample (the boundary of the <
transverse cross section of the cylinder) may be
represented by the parametric equations

(b)

X(s) = acoss, y(s) = bsins. (78)
The semi-axes of the ellipse are denoted a&wnd b,
respectively. Without loss of generality, we may assume
a > b. To describe the anisotropy df we choose in eq.
(64) the following (elliptic) form off (&) :

f(6) = (cog O + a?sir O)V2 (79) X

. . . Figure 23.(a) Typical flux contours represented by egs. (13). The outermost
Using eq. (79) In (73)' we get the relation betwseand is the sample boundary of the elliptical cross section of the cylinder with

¢ : tans = (b/a) tang. We now express eqs. (76) and (77}emi axes = 1 andb = 0.5. The next one just begins to have double points.
that govern the shape of the flux fronts in termsgof All the other contours have visible loops at the double points. These are
mathematical solutions. (b) The physically acceptable flux contours obtained
X = Haz [ A)—-(h/ p) {2 -1/ pz} %OSQD, (80) from those in (a) by removing the loops at the double points. The anisotropy
parameterr = 2.5.
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= |4 - B(0)] = ming, ba), where ming, v) stands for write magnetization under field reversal (B, — 4B) =

the smaller ofu and v; 4, is the fvalue corresponding m,(B,) — 2m,(4B). We can increase 4B up to By,

to the applied fieldB,, B, = B(f5,). HenceB, can be corresponding to applied field decreased tB,—To
determined. complete the loop the field is increased froBy,-t0 B,
The magnetization during the field increasing part of the
loop is obtained usingm(B,) = —my(-B,).

The magnetization of the sample is calculated using the

definition (c) Field dependent critical current density :

(b) Magnetization curves :

The calculation of magnetization presented above is
Hom=(L/ A).[(B_ B) dxdy directly applicable to the case of constant critical current
=-B, +(L/ A)I Bdxdy. (84) density. As remarked earlier, field dependencel.ofloes
not alter the shape of flux contours. It should be
Integration is performed over the cross sectional #@earemembered that, in the general case of field dependent
of the sample. Let us first consider magnetization during, the flux contours are labeled by the paraméter
the virgin curve for a zero field-cooled sample. For thigg, — |, with g as defined earlier. The above formulae
case, we havgg — f = -h. On the sample surfad® = for magnetization can be utilized with this identification
Ba, hence,h = 0. Similarly, on and within the innermostand using the appropriate expression f8r—3.) in eq.
flux contourB = 0 implying h = B,. It is advantageous (86). For the exponential model, we hadg = J(0)
to change the variables of integration from ¥) to (.  exp(—PB|/By), whereBy is a parametric field that governs

¢) as per egs. (80) and (81). For a given applied fielle decay of the current density. For definiteness, we
B,, variation ofh may br restricted only to the range (Ocalculate 8 from the definition

f.) beyond whichB = 0. The surface elements are

related throughl, the Jacobian of the transformation, and g :IBdU/[HO‘Jco(U)] =+ B (exp(|B|/B ) 1)
can be calculated in a straightforward manner; the result ° Hodeo

is (87)

J(h,p) = hH&Xz /pG)_{2(1+az)/p4}E

Thus for the virgin curve we have boBh> 0 andB, >
0, and we have

+a’h? | A%p. (85) Ba = (By / Hodco)[exp(B, / By))—1],
The virgin magnetization can be written as B =(By/ 1yd.o)[exp(B/ B)-1],
Hom, =-B, +(1/ A)J’ BJdhao and consequently,
1 5 h=(8/HoJo)lexp(B / &)-exp(B/B)], (88)
:_Ba_FabIO dhB(B, =~ N[ Jap. (86)  or equivalently,
Using the values of integrals in the expression (86) for B =B In[exp(B, /&)= (o doh/ B)]. (89)

virgin magnetization and the expression (85) Jowe The flux-contour parameteh increases from 0 to its
have calculated the virgin magnetization. It reaches itaaximum valueg, corresponding toB = 0. Eq. (89)
saturation valuems at the field B, for full penetration. determinesB in terms ofh for h < f,. Forh > f,, B =

For By > By, m, = ms, 0. Virgin magnetization can be determined from eq. (86).

Magnetization under reversal of field from some field/i"9in curve extends even beyond the field,
B, can be expressed in terms of virgin magnetizatioforesponding to full penetration. SinBe> 0 everywhere,
Let us denotam,(B,), the functional form for the virgin the B-profile is given by eq. (89). This part of the virgin
magnetization. On the virgin curve, f@, = By, m = curve merges with the field increasing envelope curve
m,(By). Let the applied field be now reduced to say, °Ptained below.
= B, — 4B. The shielding currents near the surface During the envelope curve, shielding, currents flow
region will reverse their sense of flow, so as to shief@iroughout the sample in one sense. On the field-
the interior from the change of field4B. Hence, we can increasing envelope, the local fieRl decreases towards
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the center of the sample. If we writd, = (Bo/HoJeo) The effect of anisotropy would be best brought out if
[exp (By/Bo) — 1] corresponding to field for full penetration,the sample is symmetric. For a circular cylinder of radius
we have three situationsiz. (i) B, < 0, (i) 0 <Ba <B, a = 1, flux contours are plotted in Figure 25 for two
and (iii) B, > Bp. Calculating the local field in all these yalues of the anisotropy parameter= 2.5 and 0.6. For
three regions, we can plot the hysteresis loops for thge isotropic casea(= 1), it is well known that the flux
sample. contours are concentric circles. There is a qualitative
change in the shape of the flux contours dog 1. It is

(d) Summary and discussion : . ) S > )
seen that Figure 25(b) is qualitatively similar to Figure

We have presented a general method to obtain ) e Fioure 25(a) is similar to 25(b) rotated by
contours and magnetization curves for cylindrical sampl%so The manner the flux contours evolve. as field

of arbitrary cross section, in parallel geometry, with
anisotropic critical current density. The method is applied
to cylindrical samples of elliptical cross section and an
elliptic form of the anisotropy.

(a) a = 0.6

Mathematical solutions to flux contours develop double
points. We have presented a prescription to locate the

double point and get physically acceptable flux contours.
Figure 23 illustrates the procedure for an elliptical cylinder ©
with semi axesa = 1 andb = 0.5 and the anisotropy

parameterer = 2.5. Detailed calculations of elimination —_—
of the extraneous portions are presented in Ref. [41].
An important outcome of this study reveals that for a
certain range of the anisotropy parameter, there is no
distinction between the flux fronts obtained for the

isotropic and anisotropic samples. It is seen that, for
a < 1 butac > b the character of the flux contours is

similar to those in an isotropic sample whih a. Figure

24 illustrates this fact.

() o = 0.6

Figure 25.A comparison of flux contours for a circular cylinder with feg
2.5and (byx=0.6.

penetrates the sample, is different for the two cases
1 toa< 1 as seen from Figure 25. This is to be
expected from thed dependence ofJ}| and keeping in
mind that higher value ofJ{| leads to less penetration.

Virgin magnetization curves are presented in Figure
26 for anisotropic critical current density that decays
exponentially with the local field, for three values of the
anisotropy parameterr. A comparison of magnetization
hysteresis loops is presented in Figure 27. Here we plot
the virgin curve, the envelope curves and the reversal
Figure 24.(a) Flux contours for the elliptical cylinder, with semi ases1 ~ curves for various reversal fields. The size of the
andb = 0.5 with (a)or= 0.8 and (b) for the isotropic sample o= 1. hysteresis loop increases with
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r— 0.4
0.001 Elliptic cylinder ELLIPTICAL CYLINDER @
a=1
-0.054 b=05
0.05 0.0 o
« -0.10+
i *
E 0154 E 0.0 - -
oy
-0.20-
-0.2-
-0.25 +———T——T—— —
0.0 0.4 0.8 1.2 1.6 B
Ba/B' -18 12 06 00 06 12 18
Figure 26. Virgin curves for the exponential modk} ~ exp (-B|/Bo) with
By = 0.88*, whereB* = pgJcoa, for different values of the anisotropy parameter
«. The elliptic cylindrical sample has semi axes 1.0 ancb = 0.5. 0.101
For thin samples, to first order ind/[) (d is the 0.05
thickness and. is the lateral dimension transverse to the
applied field), the effect of anisotropy in the critical T 0.00-
current density can be taken into account by an effective =
field-dependence of the critical current density [52]. For =_0.05-
cylindrical samples and elliptical form of the anisotropy
treated here, such a replacement is not possible. Thus, -0.104
the fortunate circumstance mentioned above, does not
hold for thick samples.
Finally, the case of elliptic cylindrical samples and
the elliptic anisotropy was chosen for purpose of 0.15¢
illustration and the method presented is applicable to 0101
cylinders in general and for other forms of anisotropy in 0.08
J.. The method was also applied to cylinders of a =l
rectangular cross section. For rectangular cylinders, we =~ 0.00t
found that (in a parallel geometry) shape dominates E,, 005t
. . . =
anisotropy in that the flux contours are similar to those 010
for an isotropic rectangular cylinder. '
-0.15
6.2. Studies of order-disorder transitions in weakly pinned _

-15 10 -05 00 05 10 15
B,/H*

Vortex matter system provides an excellent OppOI’tunIB{gure 27.Virgin curve and the envelope curves for elliptical cylinder with
to study the combined effect of disorder and thermaémiaxes= 1.0 and = 0.5 and the exponential model far (a) Fore =
fluctuations on a system having crystalline order. In th%_:,S,thefield for full penetratioB, = 0.54%B*. The small and large hysteresis

. f . loops are also shown corresponding to the reversal figles0.293®8*, By,
mixed state o type-ll SUpercondUCtorS' Just aboie, = B, andB,, = 0.895®8* respectively. (b) Same as (a) far= 0.6. For this
pinning dominates over the inter-vortex interaction anchseB,=0.238*and the reversal fields aBs, = 0.131B*, B, =B, andBy,
hence a highly disordered flux-line lattice (FLL) results] 0-5148" (c) We also show hysteresis curves for a symmetric sample (

. . . . %j)for comparison. For this caBg= 0.346@* and the reversal fields aBg,
With gradual increase of the applied field, more andg o5+ g, =B, ands, = 0.6938*
more vortices penetrate inside and a growing inter-vortex
interaction initially leads to the formation of quasi-ordere@inning force within the superconductor system. With
Bragg glass (BG) phase. In this particular ordered phasesther increase of field, BG phase undergoes another
elastic energy of the FLL dominates. This disorder-orderansition to a highly disordered phase due to the increased

transition in the low field [53,54], depends on the averagsbftening of the lattice [53]. Following Larkin-

vortex matter systems :
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Ovchinnikov’s collective pinning theory [55], this high envelope than on the field increasing one. However,
field order-disorder transition leads to a sharp decrease in  close to the peak fieldBf), the minor curves
the correlation volume of FLL and hence results in a merge with the envelope and hendeis history

steep rise in the critical current, known as the peak effect independent.

for the conventional superconductors and second (jj) Behaviour of the minor curves near the low field

magnetization peak for high temperature superconductors.  grder-disorder transition is exactly opposite to that
Basically, this peak inJ. occurs in a regime, where the in the high field case. Here, the minor curves
pinning energy becomes comparable with inter-vortex  gtarting on the field increasing envelope overshoot
interaction. This whole process is depicted in Figure  the field decreasing one and those starting on the
28(a). More complicated details of the phase diagram are  reverse curve undershoot the forward one. Hence,

discussed in Ref. [56] This h|gh field order-disorder JC is |arger on the increasing field branch than on
transition is characterized by vortex state metastability the decreasing field branch. These features will be
and pronounced history dependenceldinA wide variety more clear from minor curves presented in [57].

of studies deal with the disorder-induced metastability %fz 1. Formulation for infinite slab geometry :

vortex matter systems [53,54].
Y [ ! Let us consider a slab having infinite extent along ythe

and z direction and with a thicknessaZ2along the x-
direction. The sample geometry is as shown in Figure 2.

Disordered

The field profile within the slab is governed by the
Phase

critical-state equation :

0B(x B,)/0x= 4, (B, (90)

where the positive and the negative signs stand for the
field decreasing and increasing cases, respectively. We
briefly describe some of the steps leading to the final

equation from the Ref. [58]. With an infinitesimal change

dB, of the external applied field, the above equation

becomes :

T 7 0B(x, B3 B)/0x=%, J(B (91)

[

Figure 28(a). Conceptual H-T phase diagram in the mixed state of a typeith  J' (B) = J +|AB| B( Jt- J). Here, B is a field
superconductor depicting the Bragg glass and disordered solid phases. The ¢ ¢

boundary of the Bragg glass phase represents the low and high field or e%—pendent parameter. This modified critical current density

disorder transition lines. contains the effect of history-dependence through the
second term. In the conventional Critical State Model

In this subsection, we deal with the history dependene@proach, the change in tldgB) is totally governed by

of J. and it's effects on the minor curves of magnetizatiothe change in the local field. However, close to the

and magnetostriction. Usually, the history dependence ofder-disorder transition, there can be various metastable

Je is investigated by means of minor magnetization curvesonfigurations for the vortex matter. Among all of them,

Some interesting features of minor magnetization curvélse stable equilibrium configuration is associated with the

manifesting the history dependence Rfare : current densityJst Transition from one metastable state

() Near the onset of peak effect, the minor curvet® another, one can be induced by a change in the field
starting on the field increasing envelope satura@iving the system towards the stable configuration as
(undershoot) inside the field decreasing enveloggdicated in the expression ad;. Hence, difference of
and asymptotically meet the envelope only at mucds. (91) and (90) results :
lower fields. On the other hand, minor curves |AB|
starting on the field decreasing envelope overshoot 0|ABV0X=B Elo JF'+oB(x B)/0 )E (92)
the forward curve. This implies that near the onset '
of peak effectJ; is larger on the field decreasingAt first, we bring out the detailed features of the high

Bragg-glass
(ordered Phase)

Disordered
Phase

Meissner Phase
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field order-disorder transition by assuming a simple singlategrating both sides of the above equation figsh to
step function type behaviour fa¥t as shown in Figure BT, the expression for the local field for the forward
28(b). curve can be obtained from :

expB1t /B )=exp® 1t /B)

@ +exp(H,r /B ){ expBt B P @~ B1)

-expB; 1 /B P (B-B)+exp® /§)

x(0(B, - B,)-0(B,- B1))}

cl

+exp(H,r /B, { expB1 -B P B /B)
-exp@B;, 1 /B, O (B.-B)

Figure 28(b). Single-step function behaviour of the current density -exp@®, /B )(9 Br-B)-O(B- l%))} , (97)
representing the high-field order-disorder transition. . .
where H; = p,J;a and H, = y,J,a. With the expression

t —
JH =y for By < Bo, (93) for the local field, the magnetization of the infinite slab

= Jp for By > Bo. is calculated as :
Eq. (92) can be solved with the boundary condition at

X = 0, UB| = 6B, leading to the equation determining Hom:l‘[a B(¥ dx B. (98)
the evolution of the field profile : alo

0B(x B,) /0B, (b) Field decreasing envelope (reverse curve) :
For the reverse curve, the initial profile at any poiris
- st -
_eXp{H_IJOIJ dx: {B(x &) E}H/ B}' (94) given by :
The above equation can be solved with appropriate g, (x B)=B, |+, F' X (99)

boundary conditions to obtain the field decreasing (positive ) N ) )
sign) and field increasing (negative sign) envelopes. V\TJ"S s obvious from the positive slope straight line

denote the field profiles for the increasing and decreasiﬁBOWing a field de_creasing profile beyond full penetration.
case byBT(x, B,) (or BT, in short), andBl (x, By (or EqQ. (94) for the field decreasing case becomes :

B!, in short), respectively. 0B. /0B,(-Bi/ B)
(a) Field increasing envelope (forward curve) : :exp{(—B ‘NIJSth)/B}
a 0
For the forward curve, the initial profile at any point
is given by : =exp{(-B, - 1,J,dX)/ B} O (B~ B)
Bt(xB)=B1t-puFx (95)

+exp{(-B,-1,J,dx)/B}O (B~ B).  (100)
This is obvious from the negative slope straight line . ) )
. L . . . Integrating both sides of the above equation fiBml
showing a field increasing profile beyond full penetration. . )
i . . . to B |, the expression for the local field for the reverse
Eq. (94) for the field increasing case becomes :

curve can be obtained from :
exp(B1i /B )= exp¢B, i /)
= exp{(B, - [ 3"dx)/ B} ~exp(H,r /B ){-exptBi /B P G- B! )

0Bt /0B, exp(B1 /B)

=exp{(B,-1J,X)/B}O (B - B) +exp(B,! /B P (% -§,)

+exp{(B, -1 J,X)/ B} O (B - B). (96)
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In the third regiorx > p + dp, the field profile is similar
to the field decreasing envelope.

—~exp(-B, /B )(0 (B - B,)-0 (8- Bi))}
+exp(H,r /B, ){— exptBL /B P B! -B))

(d) Reversal from the field increasing envelope :

+texp(-B,! /B P [B,-B) In a similar manner, for reversal at a field valg from
the field increasing envelope, in the first region & <
—expB, /B )(O B -B)rO (R - I%))}' p, the evolution of profiles is governed by the eq. (94)
(101) with a positive sign. In the next onp,< x < p + Jp,
(c) Reversal from the field decreasing envelope : 9B 1 (x B.)/dx=—y 1.(B (106)
We now get the profiles under reversal of the field. Leénd

us consider reversal from a point on the upper envelope
with the applied fieldB,. We consider three regions. In 0B 1 (X B -0 B)/0 x=%, 1(B. (107)
the first one 0 <x < p, the evolution of profiles is Taking difference of these two equations and taking into

governed by eq. (94) with a negative sign. In the next .ount the fact thaB 1 ® By =Bl (o B), we

one,p < x <p+ dp, integrate both sides of the resulting equation from»0
0Bl (x B,)/0x=p, (B (102) p to obtain :

and

3B,
dB 1 (% B,+56B)/dx=+u, 1(B. (103) a—p-eXP(Ba/Br)

Taking difference of these two equations and taking into

account the fact thaB i (p, By) = B T (p, By, we %
integrate both sides of the resulting equation from>0 0Bt (p B,)
p to obtain : x%—ap expeBt (p,B,)/B)
o8 0
apa :exp(_Ba /Br)
O H J
D Eexp lp?(BO_Ba) [D
0 O r N
5,081 (p By) 9. OHpO 5 (109
xR————expB! (p.B,)/B) U expp2 -
0 ap H p Bra ?(Ba BO)%
0
g
Now, if the starting fieldB,, < By, integrating both sides
of the above equation from ©> p, we obtain :
O 0OH'pO mA
[exp HlpEO(BO—Ba) il exp(B, /B )=-expthk, /B ) 2
o o8 H 104
0 0 r (104) 0 ( . B / ) 0
X -B1 (p,
E+eXp ZDE@@_BO)% o exp H.p (p.B,))/B 0
ra 0 H; . O
ggljo”dpexp( (H; p+ Bt (p.B,)Y B)g
Now, if the starting fieldBy > Bo, integrating both sides '
of the above equation from ©> p, we obtain : (109)
In the third regiorx > p + dp, the field profile is similar

exp@®, /B )=exp®, /B )} 2 to the field increasing envelope.

0 For this simple step function type behaviour of the

0 critical current density, the magnetization envelope curves
E- (105) as well as the minor loops calculated using eq. (98) are
g

Cexp(H;p+ B (p.B,)/B)-

shown in Figure 29. The minor loop behaviour is exactly

ég—l*fopdpexp( (H; p+ BL (p, B,)) B)
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055 J J

0.304 c2 _ o2
0.254
0.204

015 /
010 _,.—-"t
0.05=
0.00
-0.05
0.10
-0.15
0.20
0.25
0.30=
-0.35 Figure 30.Double-step type (or square-well type) behaviour of the current

1 1 3 density representing both the low-field and high-field order-disorder transition.
(B-By/B,

Figure 29.Normalized magnetization curves on the forward and reverse field c40 -
cycles. The minor loop behaviour exactly matches with those obtained at the 9351 /__ —I—

. . . . . 0.304 field-increasin
high field order-disorder transition regime. 025 ta, field-decreasir

0.204 B, =B+0.58,

similar to the experimentally observed loops [59,60] at g:z BoB088

the high field order-disorder transition. All the'r oosd el o
magnetization curves are plotted with respect to a scal%gl_o"’”'

p reversal from
0.05 =

. B, = B;+1.78B,
field (B - Bo)/Br . -0-109 reversal from
015 Bm=Bﬂ-Br

reversal from
B, =B,0.58,

reversal from
B, =B+2.5B,

reversal from

—— upper envelop
lower envelop
—=—reversal from lower envelop
—e—reversal from upper envelop]

pM/H

J

cl

6.2.2. Overall characteristics of the order-disorder Ei‘;

transitions : 0.30
-0.35-.

The detailed history dependent features of the low as %+
well as the high field order-disorder transitions (in terms (B-B)/B,

of the minor |OOp behaviour) can be reproduced by Figure 31. The upper and lower envelopes and the minor curves for the

- . agnetization at the low as well as high field order-disorder transition regimes.
similar calculation as presented above where the statre . :
e reversal from various points on the upper and the lower envelopes are

current densityd*' is represented by a double step functiogentioned in the figure itself.
or a square well type function (Figure 30) as written

=L
™ =]
w

For an infinite slab geometry, the magnetostriction of

symbolically, . , .
y y the slab is related to the local field by the following
Jst = Jz for Ba < Bl and Ba > Bz, (110) eXpreSSlOn .
= J, for B, < By < By, '
or when expressed mathematically, uoszir: B dx- 3 (112)
a

J*'=J [o(B,-B)-0(B -
1[ (B-B)-o(R %)] The envelope curves as well as the magnetostriction
+J2[@(Bl—Ba)—@(Bd— g)], (111) minor loops for weakly pinned systems are shown in
. Figure 32. The minor loop behaviour is similar as in the
assumingB, > B;. The upper and the lower envelopes as . .
i magnetization studies.
also the minor loops can be reconstructed for the above
current density by employing the earlier results (for a 1455 |11 problems
single step function) in an appropriate manner. The _ _
detailed description is avoided here. All the experimentd! this section, .the response of a harg type-li
features (as listed in the first subsection) of the minéppetrconductlng' d'?’c under qga3|-stat|c .rota.ltlon 9f the
hysteresis loops, both in the low and high field orde@PPlied magnetic field (see Figure 33) is investigated

disorder transitions, are reproduced by our analyticf0-61]- As mentioned earlier, this belongs to a class li
results. The envelope and minor curves obtaindyjoblem.

numerically following eq. (97) and the above equations The dynamics of an array of parallel flux tubes, in a
are shown in Figure 31. disc of a hard type-ll superconductor when subjected to
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140+ _ o [—owerenvein almost stable configuration arises where the sample
120 = — I . .. . . . .
1009 : ooemse  volume is divided into two regions. First, tistationary
22'. . goemalom - trapped flux region spreading near the midplane, where
403 . goematem  the vortices remain parallel to the initial applied field
b 22: L poversatrom direction. In this region, flux lines are rigidly rotating in
@ 204 wesaon  phase with the disc, retaining their initial orientation. A
-40 « B =B+15B . .
504 rversalirom S€CONd region appears adjacent to the surface, where the
- e B =B-05B . . . .
1‘?2'. . wersa rom  1IUXlines gradually change their orientation from zero on
120 w0 the sample surface to a maximum value at the boundary
e "B B0 etween static and dynamic region. This maximum relative
L) v L] L] "
1 ° 1 2 8 orientation of flux lines with respect to the applied field
(B-B,)/B,

orientation is referred as the critical andglein Ref. [64]

Figure 32. The upper and lower envelopes and the minor curves for tl . . . . . .
g e upp pes & . . .hf%r a given orientation of the applied field. Once this
magnetostriction at the low as well as high field order-disorder transition

regimes. The reversal from various points on the upper and the lower envelope&figuration is achieved, further rotation can not change
are mentioned in the figure itself. this situation drastically. In thiactive or dynamicregion,

vortices move relative to the sample and hence energy
dissipation occurs due to flux-cutting [65]. There is no
energy dissipation in the first ctatic region. WhenH,

> H* dynamicregion spreads within the whole volume
and there is natatic region. LeBlancet al [64] explained
their experimental results by using a simple empirical
rule relating the spatial distribution of local flux density
B and that of the relative orientatiopr of the localB.

dynamic dynamic

static

0
y 2 They assumed that the flux density gradiediB(/dX) is

the same for both the parallettgtio and non-parallel

X (dynamig flux-lines. LeBlanc et al calculated the

Figure 33. Schematic diagram showing the disg/im plane with the field magnetization and other related properties by assummg a

rotating parallel to the face of the disc. The initial applied field direction anﬁi r form for th innina_ for Their mption of
the sense of rotation are also shown. At the inset, the division of the samppeea 0 ° ep g force. eir assumption 0

volume into static and dynamic region is shown for a disc of thickress 2 constant flux density gradient is at variance with the
: . . : . . theoretical development of Bean [66]. Bean’s treatment
a quasi-static rotation, was extensively studied in the . ) o
for the rotating field implies that at the boundary between

experimental works of LeBlanc and coworkers [62].h i d4d . ) the bh laq bet h
Obviously, it is easier to rotate the disc rather than rota o° Stalic anddynamicregion, Ihe pnase fag between the

the externally applied field. Their works on rotating Vapplied field and the local flux density approaches infinity.

VTi discs [63] as also later on Nb discs [64] revealegue to such discontinuity in the orientation of flux lines

some very interesting fundamental behaviour of vortex static and dynamic regions, assumption of linear form

lattice in hard type-Il superconductors. Irrespective of thcc)ef pinning force could not explain all of their experimental

initial magnetic history of the specimen, some genergﬁta' Bean i_tr:a_\tment IS all_sobkljas_ed on the .assu_mptlon,
characteristics of flux-lines were observed. This generglE = 0, which is not applicable in théynamic region.

behaviour also depends on whether the magnitude of t@é’r formulation of finding out the flux-density profiles
applied field H,) is smaller or greater than the fu"and other related quantities of interest for a rotating disc,

penetration valueH*) of the field, corresponding to the WithOUt_ any such a_lssumption, produce results matching
state when the zero of the internal field profile reaché’ge" with the experimental datas of LeBlae¢ al [64].

the midplane of the disk. Whed, < H*, for all initial In this context, one may mention about the studies of
profiles, the flux density profile remains indiamagnetic Clem and Pérez-Gonzalez [65], presenting a
critical state near the surface, referred to as sheulder Phenomenological model describing flux-cutting and

of the P| profile [64], implying the expulsion of the rotating field phenomena in great detail. According to
vortices against Lorentz force. With further rotation, atheir Double Critical State Model (DCSM), the current
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density in thedynamicregion, in response to non-parallelprofiles and magnetization for three initial profilesz.
local induction, is along any general direction. Th&on-magnetic, diamagnetic and paramagnetic isittropic
components of the current density parallel andnd field-independent].. With gradual rotation of the
perpendicular to the local magnetic induction have theld, the evolution of the profiles foB] and they and
critical values J'C' and J, related to the onset of flux- z components are studied starting from an initial profile.
cutting and to the depinning threshold (onset of flux¥he angle of orientationy of the local fieldB within the
flow), respectively. The metastable stationary distributiosample is determined as a function of distance from the
of local magnetic inductiof8 is determined by Maxwell midplane of the disc. Other quantities of interest such as
equations with the critical state conditior|g |< JCD (B) critical angle, the location of the decoupling pogtt.

and [J) < JI(B). The latter inequality of parallel are studied as a function of magnitude of the applied
component can be rewritten in terms of the gradient éield for typical angles of rotation. Components of
the critical angle [65]. Cleret al [65] have considered magnetization and average local field are also determined
samples with different magnetic history and shown hoWom the field profiles. Our results compare well with
under rotation, the sample volume is divided into differergarlier experimental results.

zones, where different phenomena like flux-cutting or | this study, we do not include anisotropyJg this

flux-transport occur individually or coexist. being our first non-trivial application of the minimum
Badia and Lépez [21] have also addressed the probldéiox-change technique. The effects of anisotropy and

of rotating field by using their Optimal Control Modelfield dependence inJ; can be included without major

(OCM) to determine the field profiles. The methodnodifications in the procedure. This can be done as a

involves successive use of the procedure where the naext step to this isotropid. case.

profile H,.; is obtained by minimizing the functional

C[Hna(X)] related with the finite difference between the?-1. Formulation :

(n + 1)-th andn-th profile integrated over the volume ofLet us assume that the field is rotating in the zplane

interest. This approach is very similar to the one discussedth the x-axis as its axis of rotation. Initially, let the

in Ref. [5] and has been followed here [60,61]. In theimagnetic field be applied alormdirection. In Figure 32,

work, the authors have chosen a sample with a nowe have shown schematically the sample geometry.

magnetic initial profile and have reproduced experimental ypder the approximation that, diameter of the disc is
features pertaining to this case. Recently, they have us@fich greater than its thickness, the dimensionality of the
the same technique [48] to detail the critical statgroblem reduces to one. The quantity related to the
behaviour under rotation, with anisotropic critical currengnange of flux within the sample {SB(X)Pdx [5]. If
density. the initial profile is given byB, = f(x) and B, = g(x),

In the present study, we consider the problem of @ne can define the variational function@[J] as :
hard type-1l superconductor disc subjected to a rotating
magnetic field of constant magnitude. As mentioned in Q|J I:I{[BZ— f(x)]2+53/— g(gg} dx (113)
Refs. [21,5], Bean’s original statement of Critical State
Model (CSM) does not unambiguously lead to the findepPresenting the measure of the change of flux within the
solution when the change in the applied field is in §ample. We have to solve Maxwell's equatidnx B =
direction different from that of the initial field. The non- #,J, which for this particular geometry, reduces to the
uniqueness of local field profiles is resolved by imposinépllowing partial differential equations :
an additional criterion of minimum flux-change. This
criterion enables us to determine uniquely the final
metastable state from the various accessible ones. Hefhe field componentsB,(x) and By(x) are determined
we describe the formulation of the problem by definindrom the above eqgs. (114) starting from the initial profiles
a variational functional representing the measure of they minimizing the functionalQ with respect to the
change of the flux within the sample. Final results arehange of current distribution, subject to the constraint
obtained by a self-consistent solution of the resulting§+Jf= Jﬁ. The solutions of eq. (114) can be written
equations. Using this methodology, we obtain the fields :

0B, /0x=-UyJy, 0B, 10 x=p, J,. (114)
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27 at a step size of 10°. With increase a@f the area

a
B.(¥ = Bz(a)+u0_|'x (9 du (115) under the trough shaped profile (in the dynamic region)
A gradually increases. In Figure 34, the evolution of the
By (¥ =B,(d~1p[, (Y du (116)  profiles with the increase of is denoted by an arrow in

. . . fi )
where 2 is the thickness of the disc. For the case C}Pe gures

rotating field of magnitudd,, B(a) = Bocosa and By(a) _ _ )
= Bosine. Substituting forB, and B, from egs. (115) and decreases near the surface in thgamic region and

(116) into (113) and minimizingQ with respect to with further rotation the trough region evolves into a 'V’
variation in J we get equations that determine the’;hape with rounded tip. With continued rotation, for a

components of current density in terms of auxi”anpartmulara—value,.the tip of th!s v .be'corr'les sharp and
quantities, and 1, : tquche§ E]s! —_0 line at a_l pointX, indicating a slope
discontinuity in B(x)| profile at X, referred to as the

During initial changes ofe, flux density modulus

3, = 30,01, 3,==30,01, 1 =(%+1%)"2  (117) decoupling poin{21] for the non-magnetic initial profile.
where The development ofB| curve into a ‘V’ shape can
. be understood in the following way. Usifg} = [B|cosy
|y(X):J'O{By(U)—9(U)} dy (118) and B, = B|siny in eq. (114), we get after some
) simplification
092 {897 10} du C e Ody _ oo
Egs. [(115)—(119)] must be solved self consistently to get WH +1BF BE(B = Ko (120)

the final profile. Starting with the given initial profile, i L )
. . ) . ThusJ. is composed of two contributions. Conventionally,
we have determined the successive profiles by an iterative

process taking the profile at any stage as the initigE/dx is identified withpoJ, and Bl (dy/dy) with poJ,

profile for the next stage. This aspect is discussed {ﬁqs. (3) and (4) in Ref. J R Clemhys. RevB26 246_3
greater detail in the next section (1982)). However, we do not need to assume the existence

of Jy andJ;, in the present work to obtain the decoupling
7.2. Evolution of profiles : point. The mere existence of a non-zdjoensures flux-

We have considered three different possible magneg#itting. J; becomes predominant in region whet@|/dx
histories for the sampleiz. non-magnetic, diamagnetic (or B[) is small or §y/d) is large. Thus, the region in
and paramagnetic. The non-magnetic case is presentedhi@ vicinity of the tip of V', there is large flux-cutting.
detail. Details of features for the other two cases which For a givenB, value, decoupling occurs at a particular
are similar to the non-magnetic case are only brieflyngle oy In Figure 34, forBy = 0.38B*, oy = 330° and
presented. The numerical solution of egs. (115)—(119) ¥g/a = 0.53. For rotations beyondy, in the regionx <
obtained by following an iterative procedure. We novx, the profiles for B, B, and B, effectively remain
discuss the evolution of field profiles for the three initialinchanged. In Figure 34(b), variation of orientatigrof
profiles. the flux tubes are shown. The curve corresponding to
decoupling & = ag), has undergone a discontinuous
jump at the decoupling point and thereafter, the variation
. ) ) ) of orientation near the static region is very small. Bor
its magnitude is constant throughout the sample, > oy, the nature of discontinuity remains same with the

BZ(X_) = Bo Bx = 0. Rgahsﬂcally, this S|tuat|.on can. pefreezing of curves beyond decoupling. The&Xx) curve
achieved when a zero field cooled sample with negl|g|bI]¢e - o . . L
r a = a4 Where it is first having a discontinuity, is

pinning is subjected to a field beyond the fleIdshown as an inset of Figure 34(b), where the jumpoat

correspc_mdlng to ful! penetration. With gradual r0t<';1'[|ori1S very obvious. Comparing with Clet al [65] at Xo,
of the field, the profiles forB|, By, B, and the angle of

. . , the value ofdy/dx crosses the value of critical angle
orientation of the locaB are plotted as functions of

. L _ ) .. gradient, rendering the onset of flux-cutting X4 In
positionx in Figure 34. Figure 34(a) depicts the variatio

. . . efs. [64], the authors have definedtical angle 6, as
of flux-density modulus withx for « varying from 0 to ; . . .
the relative orientation of the flux tubes b with

7.2.1. Non-magnetic initial profile :
For this case, initially the field is alongdirection and
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respect to the field orientation at the surface. Theurface is atx = 1. It is very obvious from the Figure

guantitative definition is given by the expression : 34(b) that value ofg, changes withB, as well as with
the field orientationa at the surface.
6, = [0 Oy = —a (121)
c _,[1 de X=y(X)-a- In our study, we follow the definition given in the eq.

_ ) o _ ) (121) and have studied the variation &fas a function
While comparing a similar expression f6g in Ref. [64], ¢ B, and . In both of the Figures 34(a) and (b), the

it should be remembered that in the present case, t@@undary of core region denoted Xsare shown. From

BO=O.35 B
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Figure 34.Evolution of field profiles with non-magnetic initial profile. With gradual rotation of the field, the profiles f&,(&))|w; the orientation of local
B, (c)By and (d)B,, plotted as a function of positiorin units ofa. The inset in Figure 2(b) depicts the occurrence of decoupling=a830°. Movement of
the profiles with increase itris denoted by arrows in the figures. The meaning of different arrows is depicted in the corresponding figures.
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this point onwards, the final profile coincides with the In Figure 35, we have shown the change in the
initial one, rendering the magnitude as well as theature of decoupling with varyinB,. It is seen that with
direction of the local flux-density to be equal to theiincreasing B, decoupling (discontinuous jump in flux
initial value. line orientation) occurs at a highervalue, implying that

0.5

Bl g~

LINE

2.0 0.z2 U.4x 06 B 1.0 %0

Figure 35.Change in the nature of decoupling for different magnitudes of the applied field, (a) @jaud)y profiles forB, = B, = 0.41B*, (b) and (e) for
B, = 0.508* > By, (c) and (f) foiB, = 0.5B* beyondB,.
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if the initial field value is higher, more rotation isX, is less. The flux lines mostly try to retain their initial
required to arrive at a stable profile. With the increase direction. The dynamic region effectively acts as a
Bo, the V' shifts towards the midplane. Whefy = 0, shielding to the external change of orientation and hence
corresponding to the full penetration valBg the profiles prevents thecore flux tubes to follow the external
for |B| and i are shown in Figures 35(a) and (d) #y orientation. With increase of the field uptB, the
= By = 0.4B*. The profile shows decoupling clearly. shielding becomes gradually less effective, allowing the
With increase ofB, o4 becomes higher upt®B, = core to orient more towards the surface field orientation.
0.508* > B, where decoupling occurs just e = 2z At By = B, X. = 0, there is a maxima in th& vs By
(Figures 35(b) and (e)). The last curve of Figure 35(&urve, implying that all the flux lines are maximally
clearly shows the discontinuity. With further increase ofriented towards the surface field direction. With further
Bo, as is obvious from Figures 35(c) and (f), that therincrease of the field, agaifi decreases, shielding becomes
is no decoupling uptaxr = 2z. From the inset of Figure again more effective, rendering the flux lines to retain
35(c), for By = 0.58B*, the separation of the tip of ‘V' their initial orientation. The tendency of retaining the
from the zero field line is clearly seen. With furtheinitial orientation is even stronger in the high field
increase ofBy, the decoupling point shifts towards theregion, due to more effective shielding of tdgnamic
midplane. This process will continue until the tip of theegion, than in the low field region. A comparison of
‘V' joins with the midplane, where the decoupling occurs-igures 35(a) and (b) for lower and high&y supports
for all 2m. this fact. Figure 36(b) shows the variation X and X.

In Figure 36(a), we have shown the variationgpfas With the applied field. The former is having a linear
a function ofB, for different & values. The figure has Pehaviour, whereas latter is varying almost exponentially
resemblance with the experimental datas plotted in [64}ith the applied field. We have fitted th& vs Bo curve
whereas their theoretical analysis produced a straight |iiéth a third order exponential decay as shown in Figure
for the same. For smallx values, the extent otore 35(P). The functional form is given b = aexp(-Bo/
(statid) region is less, spread in the variationyfs less ) + @2€xp(Bo/tz) + asexp(Bo/ts), with required

starting from the surface. Also the jump corresponding f@arameter values given lay = 4.47817t, = 0.11697 a;
= -8.41008,t, = 0.05307,a3 = —-0.11457,t; = —-1.9279

20 - with 2 = 0.00067 andR = 0.9964. Given an initial
1—m—a =360 (a) a . . .
04 _ag_350° e applied field value, by using the above formula, one can
g o] T e=3%0 ) . find out the extension of the corstdtic region.
s |
5’-40— 7.2.2. Diamagnetic initial profile :
'5“ -60 The initial profile is given byB,(X) = By — (1 —X) for
© 0] X > X, BAX) = 0 otherwiseB,(x) = 0 for all x. Here, By
a0 YT = (1 - xy) with x, being the maximum extent of
N e e e e B penetration in the initial state. The initial profile has
0.8 ® % resemblance with field increasing profiles for a zero-
| \\\ :_:Emed eurve field-cooled (ZFC) sample. With gradual changes oof
0.6 ° the profiles for B|, By, B, and orientation of locaB are
] plotted as a function of positioxn in Figure 37 uptoc
°0'4__ = 250° at a step size of 10° f@ = 0.3B*.
0.2 From Figure 37(a), it is evident that near the surface,
1 . there exists a dynamic region in a diamagnetic critical
0'00_1 ' sz ' 0[3 ' Of; ' 0!5 state, where the slope of th8| |profile is gradually

W H /B increasing and after a certain value @fit evolves into

0 a . . .
) o ) ) a 'V’ shaped profile with unequal hands and rounded tip.
Figure 36.(a) Variation ofg, as a function oB, for three differentr values Thi il i til d i +
are shown. (b) Variation of decoupling poi and the extent of the core IS process will continue unul decoupling occursoa

regionX. with By is shown. The dotted curve represents third order exponentiéfa = 230°, where the tip of ‘V’ touches||= 0 line at
decay fit to theX; curve. X = X, the decouplingpoint for the diamagnetic initial
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profile. Forx < Xo, and o > oy, all the profiles essentially Regarding the minimization procedure, there are
remain the same as at = og. As in the non-magnetic interesting results to be pointed out. We have obtained
profile, the w(x) profile in the present case, has alsthe evolution of the profiles by carrying out the
shown the first discontinuous jump for = @y minimization, considering the previous profile as the
corresponding tax = X, in Figure 37(b). All the other initial profile. Instead of the above procedure, if the
features remain similar to those of the non-magnetic caseinimization is done with respect to the very first profile,

B, = 0.38"
0.30 5
0,25 -
44
0.20
a4
»
o 0154 &
m -]
o o]
0.10
14
0.05
0.00 0
0.3 0.8
0.2 0.2 4
Q.14 0.1
o 0.0 @ 0.0
m™ m”
0.4 -0.1 4
0.2 -2
0.2 0.3 .
T T T T T T T T T T T T
0.4 0.6 0.3 1.0 0.4 0.6 0.8 1.0
X X

Figure 37.Evolution of field profiles with diamagnetic initial profile. With gradual rotation of the field, the profiles f&{(&) orientationy of localB, (c)
B,, and (d)B, are plotted as a function of positi®im units ofa. The profiles are obtained considering the previous profile as the initial profile.
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the evolution obtained shows some different natur&,2.3. Paramagnetic initial profile :
especially for they(x) proflle. Physically, _the minimization The initial profile is given byB,(x) = By + (1 —x), B,(X)
procedure can be viewed as, each time after a certainy o o x This initial profile is similar to the field

change ofe, the disc again is brought back to the= reversal profiles for a ZFC sample beyond full penetration.

0° position. The corresponding profiles are shown g gradual changes ofr, the profiles for B, B,, B,
Ref. [60] uptox = 180°. These profiles show decoupling;g orientation of locaB are plotted as a function of

at a much lowere value alongwith the vanishing of the position in Figure 38 uptar = 250° at a step size of 10°
peak before a discontinuous jump (x). for B, = 0.48*. Similar to the other two studied cases, in

B, = 0.4 B*

7

0.4 0.4+

T T T T T T T T T T -0.6 T T T T T T T T T T

0.0 0.2 0.4 0.6 0.4 1.0 0.0 0.z 0.4 0.6 0.8 1.0
X X

Figure 38.Evolution of field profiles with paramagnetic initial profile. With gradual rotation of the field, the profiles B}, (@)|orientation of locd, (c)

By and (d)B, are plotted as a function of positi®im units ofa. The profiles are obtained considering the previous profile as the initial profile.
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the dynamic region, the sample remains in the diamagnefiS. Summary

critical state with slope of the profiles gradually increasingie have analysed the problem of a sample with isotropic
This profile shows decoupling a¥ = ag corresponding critical current density and zero demagnetization factor
to x = Xg as shown in Figures 38(a) and (b). subjected to a rotating magnetic field. To get a unique

All the other features remain the same as for thsolution to the CSM, the criterion of minimum change of

other two studied cases. The evolution of the profildtux was employed. The profiles for the components of
following the other minimization technique, where aftethe local field, its orientation angle and also its magnitude
each step, the orientation of the field is brought back a&ye obtained. Some of the known general features
zero, is again presented in [60]. As earlier, the) associated with this problem such as the decoupling,
curve shows a definite change. variation of the critical angle with the change of the

magnitude of the applied field could be reproduced. Thus
of magnetization and the respective components of aver the procedure invoking minimum flux change criterion,

g P P %8ﬁowed here, should be useful for solving other similar

fmld_ wnh respect too _var)_/lng upto 250_ for samples critical state problems which include field dependence
having different magnetic history as mentioned prewousltyi. . . . .
nd anisotropy in the critical current density.

These curves show a general agreement with those
reported by [63]. 8. Conclusions

For studying the behaviour of the field profiles, wewe have categorized the possible sample geometries and
had to choose appropriate magnitude of the applied figitesented the solutions of some realistic problems
in order to capture the onset of decoupling with thbelonging to all these three classes. We have also
fixed step size of 10°. For diamagnetic and paramagnetiiscussed their applications for various purposes to analyse
cases, the profiles were plotted upto a few steps beyoth@& experimental data. Our results also resembles well

In Figure 39, we have plotted tlyeandz components

decoupling was obtained. with the experimental results.
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