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Abstract : We describe some field theoretic methods for studying quantum spin systems in one dimension. These include the nonlinear
o-model approach which is particularly useful for large values of the spin, the idea of Luttinger liquids and bosonizatiarewtnica useful for

small values of spin such as spin-1/2, and the technique of low-energy effective Hamiltonians which can be useful if tiredgystensideration

is perturbatively close to an exactly solvable model. We apply these techniques to similar spin models, such as spih clirmies2atton and
frustration, and spin ladders in the presence of a magnetic field. This comparative study illustrates the relative strendiffisrent methods.
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Plan of the article the Haldane gap which was predicted theoretically in
integer spin Heisenberg antiferromagnetic chains [1], and
then observed experimentally in a spin-1 system
. Spin chain with dimerization and frustration Ni(C,HgN,),NO,(CIO,) [2]. Other examples include the

. Nonlinear o-model spin ladder systems in which a small number of one-
dimensional spin-1/2 chains interact amongst each other
[3]. It has been observed that if the number of chains is
. Low-energy effective Hamiltonian approach even,i.e., if each rung of the ladder (which is the unit
cell for the system) contains an even number of spin-1/2
sites, then the system effectively behaves like an integer
1. Introduction spin chain with a gap in the low-energy spectrum. Some
One-dimensional and quasi-one-dimensional quantum spimo-chain ladders which show a gap are (AFED; [4],
systems have been studied extensively in recent years 8CwW0O; [5] and Cuy(CsHioN»),Cl, [6]. Conversely, a
several reasons. Many such systems have been realifege-chain ladder which effectively behaves like a half-
experimentally, and a variety of theoretical techniquesdd-integer spin chain and does not exhibit a gap is
both analytical and numerical, are available to study tH&r,CuOs [5]. A related observation is that some quasi-
relevant models. Due to large quantum fluctuations iene-dimensional systems such as Cugefontaneously
low dimensions, such systems often have unusudimerize below a spin-Peierls transition temperature [7];
properties such as a gap between a singlet ground stéen the unit cell contains two spin-1/2 sites and the
and the excited nonsinglet states; this leads to a magnelystem is gapped. Another interesting class of systems
susceptibility which vanishes exponentially at loware the alternating spin chains such as bimetallic molecular
temperatures. Perhaps the most famous example of thignagnets. An example is NiCu(pbaOH)(®);-2H0O in
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which spin-1's (N&*) and spin-1/2's (Cii) alternate. The dimerized antiferromagnetic spin chain can be written as

ground state of these systems have a nonzero total spin , _ i
S. It turns out that there is a gap to states with spin H _,Z%_ (_1)553'%“‘]2,2 PP, (1)
greater thar&, but no gap to states with spin less thafynere the limits of the summation depend on the boundary
S condition (open or periodic). (We have set the average
The results for gaps quoted above are all in theearest neighbor interactiod, to be equal to 1 for
absence of an external magnetic field. The situatiaconvenience). The interactions are schematically shown
becomes even more interesting in the presence ofimaFigure 1. The region of interest is defined fy> 0
magnetic field [8]. Then it is possible for an integer spiare 0< 6 < 1.
chain to be gapless and a half-odd-integer spin chain to
show a gap above the ground state for appropriate values
of the field [9-13]. This has been demonstrated in several
models using a variety of methods such as exact 1+
diagonalization of small systems, bosonization and 1-§
conformal field theory [14,15], and perturbation theory
[16]. In particular, it has been shown that the
magnetization of some systems can exhibit plateaus Figure 1. Schematic picture of the spin chain described by eq. (1).
certain nonzero values for some finite ranges of the
magnetic field.

2 N 4 6

1 N 3 5 7

The ground state properties of the Hamiltonian (1)

) ) _ have been studied at some representative points in the
~ The plan of this paper is as follows. In Section 2, W§, _ 5 plane using the density-matrix renormalization
discuss the low-energy properties of the dimerized arbqoup (DMRG) method [19]. The phase diagrams obtained
frustrated antiferromagnetic spin chain. In Sections 3 apg, spin-1/2 and spin-1 chains are shown in Figures 2
4, we present some field theoretic methods which can Bgq 3 [20]. We use the word ‘phase’ only for convenience
used for studying spin chains and ladders with or withog gistinguish between regions with different modulations
an external magnetic field [17,18]. These methods rebf the two-spin correlation function as discussed later.

on the idea that the low-energy and long-waveleng®ur model actually has no phase transition even at zero
modes of a systemi.€., wavelengths much longer thantemperature.

the lattice spacing if the system is defined on a lattice

at the microscopic level) can often be described by a 1.0 L

continuum field theory. In Section 3, we discuss the N

nonlinear o-model approach, while in Section 4, we 0.8 111 -

discuss the concepts of Tomonaga-Luttinger liquids and c

bosonization. In Section 5, we discuss the low-energy 0.6 i

effective Hamiltonian approach and show how it can be | I

combined with bosonization to gain an understanding of o4 B 5

the magnetic properties of one-dimensional spin systems. ' I ~

2. Spin chain with dimerization and frustration 0.2 ~

Experimental studies of some of the quasi-one-dimensional i ]
1 i i ‘A | L | | L | L

spin systems have shown that besides the nearest neighbor 0 = o oo o8 o

antiferromagnetic exchange, there also exists a second V)

neighbor exchangd, of the same sign and comparableFigure 2. Ground state phase diagram of the spin-1/2 chain id;thes
magnitude. Such a second neighbor interaction has tH&"®

effect of frustrating the spin alignment favored by the For the spin-1/2 chain [21,22], the system is found to
nearest neighbor interaction. Therefore, a realistic stué gapless on the lind@ which runs fromJ, = 0 to Jy

of one-dimensional systems requires a model with both 0.241 ford = O (see Figure 2). The model is gapped
frustration (,) and dimerization (governed by aeverywhere else in thd — ¢ plane. There is a disorder
parameter§). The Hamiltonian for the frustrated andline B given by 3, + 6 = 1 on which the exact ground
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state of the model is given by a product of singlet§he linesB, D andE seem to meet in a small region V
formed by the nearest-neighbor spins which are joinethere the ground state of the model is numerically very
by the stronger bonds (@ &); this is called the Shastry- difficult to find.

Sutherland line [23], and it ends at the Majumdar-Ghosh As can be seen from Figure 1, settifige 1 results
point @, = 0.5, 6 = 0). The correlation lengtlf goes in a two-chain ladder where the interchain coupling is 2
through a minimum onB. Finally, the peak in the and the intrachain coupling i%. We can holdJ, fixed
structure factorS(q) is gmax = 7 to the left of B (called and vary the interchain couplind. Numerical studies
region 1), decreases fromr to z/2 as one goes frorB show that for spin-1/2, the system is gapped for any

up to the lineC (region Il), and is atjmax = #/2 to the nonzero value of, although the gap vanishes linearly as
right of C (region Ill). J — 0; this can be shown using bosonization. On the
o—_ other hand, the spin-1 chain has a finite value of the gap
A | for any value ofJ [20].
08 7 3. Nonlinear o-model
~D l The nonlinearo-model (NLSM) analysis of spin chains
0.6/~ 5 . with the inclusion of, and ¢ proceeds as follows [24].
3 Y v - We first do a classical analysis in tf— o limit to
0.4 . find the ground state configuration of the spins. Let us
i | make the ansatz that the ground state is a coplanar
A kY . . . . . .
0-2—\&...,,3 \ | configuration of the spins with the energy per spin being
I TN B equal to
B/ : |
0 . 1 ) ) .HI L ~C 1 s i 1
0 0.2 0.4 0.6 0.8 1.0 g =S = (1-8)cod,+= (£d )cob,+ J, cod+6, a
% 2 2
Figure 3. Ground state phase diagram of the spin-1 chain. (2)

In the spin-1 case (Figure 3), the phase diagram Where 6, is the angle between the spiis and S,.; and
more complex. There is a solid line markédwhich @, is the angle between the spirs and Sy
runs from (0, 0.25) to about (0.22 + 0.02, 0.20 + 0.02}linimization of the classical energy with respect to the
shown by a cross. To within numerical accuracy, the gap yields the following three phases.
is zero on this line and the correlation lengfhis as () Neel : This phase ha8, = 6, = 7; hence all the
large as the system sizd. The rest of the ‘phase’ spins point along the same line and they go as
diagram is gapped. However, the gapped portion can be  T/T| along the chain. This phase is stable for
divided into different regions characterized by other 1 -6, > 4.
interesting features. On the dotted lines markedthe (i) Spiral : Here, the angle®; and 6, are given by
gap is finite. Althoughé goes through a maximum when
we crossB in going from region Il to region | or from
region lll to region 1V, its value is much smaller thiin
There is a dashed lin€ extending from (0.65, 0.05) to
about (0.73, 0) on which the gap appears to be zero (to
numerical accuracy), ané is very large but not as large cosh. = — 1
as N. In regions Il and lll, the ground state for apen 2
chain has a four-fold degeneracy (consistingSof 0
and S = 1), whereas it is nondegenerate in regions | and

2

- O
cospy=- L 19", O 40
1+5D4J2 1-9 0

and

-6 o 0
E - > 4,0 3
1-5043, 1-o 0

where z/2 < 6, < 7 and 0 <@, < 6,. Thus, the
spins lie on a plane. This phase is stable for 1 —

IV with S = 0. The regions Il and lll, where the ground
state of an open chain is four-fold degenerate, can b
identified with the Haldane phase. The regions | and IV
correspond to the non-Haldane singlet phase. Regions |
and IV are separated by the disorder Ihaiven by 2,

+ & = 1, while regions Il and Ill are separated by libe

02 <43, < (1 -93/0

Colinear This phase (which needs both
dimerization and frustration) is defined to hage

= m and 8, = 0; hence, all the spins point along
the same line and they go ds'll along the
chain. It is stable for (1 ©¥?3/5 < 4J,.
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These phases along with tehir boundaries are depictegttor @ which is defined as follows. The classical
in Figure 4. Thus even in the classical lirBit—> o, the ground state in the Neel phase has a unit cell, labeled by
system has a rich ground state ‘phase diagram’. an integern, with two sites labeled asnland 2
respectively (see Figure 5). We define linear combinations

1.0 ; : —
of the two spins as
0.8 1 @ = Sln ~ SZn
Colinear 25 !
0.6 N
6 I — Sln SZn (4)
" 2a
0.4 1
Here, a is the lattice spacing; hence, the size of each
020 Neel spiral ] unit cell is 2. Note that
I, =0,
00 x 1 L 1 I 1 L 1 L
0.0 0.2 0.4 0.6 0.8 1.0 22
N 2 _14 1 a’l
Figure 4. Classical ground state phase diagram of the spin chain with @ = § g2 (5)

frustration and dimerization. ] ] o
h der inSl/and dv th so that @, becomes an unit vector in the lar§elimit.
.We can go to the next order inSl/an .stu y the These fields satisfy the commutation relations
spin wave spectrum about the ground state in each of the

phases. The main results are as follows. In the Neel
phase, we find two zero modeise., modes for which

the energywy vanishes linearly at certain values of the \where m, n are unit cell labelsa,b,c denote the
momentumk, with the slopedwi/dk at those points componentsx, y, z, and €ac is the completely
being called the velocity. The two modes are found tantisymmetric tensor withe,y, = 1. This means that we

have the same velocity in this phase. In the spiral phag@n writel, = @, x /7,, where the vectof7 is canonically
we have three zero modes, two with the same veloCighnjugate to@, i.e.,

describing out-of-plane fluctuations, and one with a higher _

velocity describing in-plane fluctuations. In the colinear [(pma,ﬂ nb] :iém'ﬁ ab (7
phase, we get two zero modes with equal velocities just _ o _ _

as in the Neel phase. The three phases also differ in #¥§ nNow go to the continuum limit by introducing a
behavior of the spin-spin correlation functidi(q) = spatial coordinate which is equal to 2a at the location
>(So-Sexptign) in the classical limitS(q) is peaked at Of then-th unit cell. Summations get replaced by integrals,
q = (6 + 62, ie, atq = x in the Neel phase, ati.e, >n o | dx/(2a). The commutation relation (7) then
72 < 0 < 7 in the spiral phase and &= 7/2 in the takes the form

i
[lma'(pnb] = Zlamn 4 U abc® ne (6)

colinear phasg. Even fds = 1/2_ and 1, DMRG stud_les [(Pa(x),”b()’)] = iB(X= V)3, 8)
have seen this feature &(qg) in the Neel and spiral )
phases [20]. We note thatg and ¢' are orthogonal top because@
is an unit vector. We will see below that bdtland /7
are given by first-order space-time derivatives ¢ofIn
the low-energy and long-wavelength limit, the dominant

terms in the Hamiltonian will be those which have
second-order derivatives of, and therefore first-order
derivatives ofl. To find this Hamiltonian, we rewrite (1)

W_J W_J W_J in terms of @ and |, and Taylor expand these fields to

the necessary orderge.,

In an

n nil L2 Bs = P00 + 22 (9 + 2248 + ..

Figure 5. Classical configuration of the spins in the Neel phase.

We now derive a NLSM field theory which can b =109 +2a (9 + .., ©)

describe the low-energy and long-wavelength excitationghere x = 2na. We then use the constraints in (5) and
In the Neel phase, this is given byC{3) NLSM with do some integration by parts (throwing away boundary
a topological term [1,15]. The field variable is a uniterms atx = *eo) to obtain the continuum Hamiltonian
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For the two-spin equal-time correlation function, this

H :J’dx%izﬁ +i¢§_°2¢25 (10) means that &-S,> should decay as a power-law ()
g2 - 029" g In| as |n|] — e for half-odd-integer spin chains, and
where exponentially as (-Mexp (/&) for integer spin chains,
> where the correlation length ~ c/AE. All this is known
c=2a§/1-44-0", to be true even for small values fike 1/2 (analytically)
- 2 and 1 (numerically) although the field theory is only
‘m’ derived for largeS. In the presence of dimerization, one
2 expects a gapless system at certain special values of
and For S = 1, the special value is predicted to &ie= 0.5.
6 =2mS(1-9). (11) We see that thexistenceof a gapless point is correctly

By expanding (10) to second order in small fluctuationg'edicted by the NLSM. However, according to the

around, say@ = (0, 0, 1), we find an energy-momentumPMRG results, & is at 0.25 forJ, = 0 [26] and it
dispersion relation of the ‘massless relativistic' fomr= ~9€Creases witd; as shown in Figure 3; this differs from
clkf; thus ¢ is the spin wave velocity. Similarly, by the.NLSM results in (11) accqrd!ng to Wh'@ should
expanding (10) to fourth and higher orders in sma e independent of,. These deviations from field theory

fluctuations, we find thatg? is the coupling constant are probably due to higher order corrections Swhich

. . . have not been studied analytically so far.
governing the strength of the interactions between the

spin waves. In the spiral phase of th® — § model, it is necessary

o use a different NLSM which is known fa@f = 0 [27,

I t
One can show that the Hamiltonian (10) follows fronbs]_ The field variable is now a&Q@3) matrix R. The
the Lagrangian density Lagrangian density is

1 ., 1

1
2cg? ¢ 2¢°

LT - _ C T
2ngtr(B Bl%) Zgztr(R R P

L =

2 9 ’ o2
9 oW xe’, (12 L= o

(Incidentally, one can derive the canonically conjugate

where c= S0+ Y1- ¥/y, d=2/@ y@& y S

momentum I7 and then the angular momentunfrom

(12) with 1) = 43,, andP, and P; are diagonal matrices with
P diagonal element£1, L2y @-yY (@2 - 2+ 1) and (1,
:C—92¢+ET(0><<0 : 1, 0) respectively. Note that there is no topological term;
indeed, no such term is possible siné€,(SQ3)) = 0
| :(OXH:izqoxq')—i(o’, (13) unlike I75(S?) = Z for the O(3) NLSM in the Neel
cg am phase. Hence, there is no apparent difference between

thereby verifying that and Z7 only contain first-order integer and half-integer spin chains in the spiral phase. A
tne-loop renormalization group [27] and lafyeanalysis

derivatives of@ as stated above). From (12), we see tha)

6 is the coefficient of a topological term, because thgs] indicate that the system should have a gap for all

. . : . : . values ofJ, and S, and that there is no reason for a
integral of this term is an integer which defines the 2 S

articularly small gap at any special value Bf The
winding number of a field configuratiorp(x, t)). For P y gap Y SP -

_ q da | h ical val o ‘gapless’ point found numerically af, = 0.73 for
6 = 7 mod 2r and g es§ than a crltlca'va uge, .|t is spin-1 is therefore a surprise.
known that the system is gapless and is described by a ] )
Finally, in the colinear phase of thlk-0 model, the

conformal field theory with arU?2) symmetry [15,25]. ) . .

For any other value ob, the system is gapped, and theNLS'vI IS known fo_ré‘: 1,ie., for the §p|n ladder [18]'_
gap is of orderdE ~ exp(—2g?d). ForJ, = & = 0, one The Lagrangian is the same as in (12), but with
therefore expects that integer spin chains should haveca 4aS( L( % +1), g? =,1+1J,/S and @ = 0. There
gap of the order exp£S) (note that this goes to zerois no topological term for any value & and the model
rapidly asS — oo, so that there is no difference betweers therefore gapped.

integer and half-odd-integer spin chains in the classical The field theories for general in both the spiral and
limit), while half-integer spin chains should be gaplesgolinear phases are still not known. Although the results
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in the spiral phase and th& = 1 case in the colinear a=

phase, quantitative features such as the dependence of

the gap on the coupling strengths require the expliqive are assuming thdB| < 4S, otherwise all the spins

form of the field theory. will align with the magnetic field andr will be zero).
The NLSMs derived above, can be expected to B now define

accurate only for large values of the spgh It is

are qualitatively expected to be similar to e 0 case B|
—1

cos a— .

A4S (16)

oo

interesting to note that the ‘phase’ boundary between @, =%,

Neel and spiral for spin-1 is closer to the classi&at{

) boundary & = 1 — &2 than for spin-1/2. For S, +S,, (17)
instance, the cross-over from Neel to spiral occursdfor nTT oq

= 0, atJ, = 0.5 for spin-1/2, at 0.39 for spin-1, and a

0.25 classically. 5\Iote that the definition ofg is slightly different from

_ _ the one in (4) in order to ensure thatis an unit vector.
To summarize, we have studied a two-parametgf,yever,| is orthogonal to and has the same commutation

‘phase’ diagram for the ground state of iSOWOPIGe|ations with @ as beforer. We can now go to the
antiferromagnetic spin-1/2 and spin-1 chains using the tinuum limit and derive the Hamiltonian
NLSM approach, and have compared the results with

those obtained numerically. We find that the spin-1 dia- H = (d Ebg2 . 0 [f+ fo 2 _g EI]D (18)
gram is considerably more complex than the corresponding _I XST@ ZT(p'H F(o E
spin-1/2 chain with surprising features like a ‘gapless’

point inside the spiral ‘phase’; this point could be closwhere

to a critical point discussed earlier in the literature [25, _ . T

29]. It would be interesting to establish this more ¢=2aSsinayl- 4, -0,

definitively. 2

2 _

Our results show that frustrated spin chains with 9 =
small values ofS exhibit some features not anticipated
from largeS field theories like the NLSMs. The NLSMs and
also leave man.y qgesﬂon; unan.swered. For instance, the(9 = 271Ssina (1-5). (19)
O(3) NLSM which is applicable in the Neel phase does _ _
not tell us the exponent of the gap which opens up ¥¥ can show that this follows from the Lagrangian
one moves away fron = 7 (for g < g) or as we go UENSIY
acrossg = g. (for @ = x). To address these questions, 1 .
we have to use the more powerful technique of —~7c2 Hpxe+B-(B EI0)¢H2
bosonization.

Ssinay/1- 43, - 5° '

The NLSM approach can also be used to study spin —%(p’2+i¢|]o'x¢
chains in the presence of a magnetic field. Consider 4
adding a Zeeman term to the Hamiltonian in (19, 1

2047 Rp® +2Bxpp+B* - (B ) °H

H=Y H-(-1'0Hs S,
I - % g2+ 2 pgxg. 20

+3,y S, (8.,-y BOS (15) 2927 am (20)
whereB denotes the magnetic field. In the regior b2
> 47, the classical ground state of this Hamiltonian is 1 . 0
given by a coplanar configuration in which the spBs I =gxM :CTJZB"XWB -(B DI"WH_ET(”’- (21)
and S, lie at angles # respectively with respect to the
magnetic field, so that the angle between the sBins
and S;.; is 2o Minimization of the energy fixes the
angle o to be

We see from this that

Since c? = 4a and Bp=0 in the classical ground
state, we see that is equal to B/(4a) plus small
fluctuations; this agrees with its definition in (17) and



Field theoretic studies of quantum spin systems in one dimension 569

the classical configuration of the spins. One can now

analyse the field theory governed by (20) using then(k) _____________
renormalization group and other methods. We refer the
reader to [30] for further details. L

4. Bosonization k k- kF k—

A very useful method for studying spin systems in one (@ (b)

dimer_ls_ion iS_ the teChnique of bgsonization. Befor?igure6.One-particlemomentumdistributionfunctionfor(a)aninteracting
describing this method, let us briefly present Somgrmiiiquid, and (b) a Tomonaga-Luttinger liquid.

background information. Further details can be found in

Refs. [14,15,31,32]. energy excitations in a one-dimensional system of

In one dimension, a great variety of interactindmeracung fermions. Assume that we have a system of

quantum systems (both fermioraad bosonic) is described length L with periodic boundary conditions; the translation
by the Tomonaga-Luttinger liquid (TLL) theory. Typica"y,invariance and the finite length make the one-particle
a TLL describes quantum systems which are translatighomenta discrete. Suppose that the systenNpamrticles
invariant and gapless,e. the excitation energy aboveWith a ground state energfo(No) and a ground state
the ground state is zero in the limit of the system sizZ8omentum P, = 0. We will be interested in the

L — . A TLL differs in three significant ways from the thermodynamic limitNo, L — < keeping the particle
well-known Fermi liquid theory which describes manydensity oo = No/L fixed. If we could switch off the
fermionic systems in two and three dimensions. Fakt, interactions, the fermions would have two Fermi points,
the low-energy excitations in a TLL have the charactet k = + kg respectively, with all states with momenta
of sound modes which are bosonic and have a linelging between the two points being occupied. (See Figure
dispersion relation between the energy and the momentymfor a typical picture of the momentum states of a
(with the constant of proportionality being the soungattice model without interactions). Even in the presence

velocity v). Even if the underlying theory is fermionic, of interactions, it turns out that the low-lying excitations
the low-energy excitations are given by particle-holgonsist of two pieces [33],

pairs which are bosonic. The properties of a TLL are
governed by two important parameters, namely, an
interaction paramete (noninteracting systems hate=

1) and the velocity v. Secondly, the one-particle momentum—q with an energye, = vq where
momentum distribution function(k) for fermions, which 0 <qg << ke and v is the sound velocity, and

is obtained by Fourier transforming the fermion Green's iy a certain number of particler and N, added to
function

(i) a set of bosonic excitations each of which can
have either positive momentuny or negative

the right and left Fermi points respectively, where

G(x,t):<0|Tw(x,t)gUT(O,01C> 22) NR,.I'\IL << NO.' Note that Nz and N. can be
positive, negative or zero.
and computing the residue of its pole in the compiex the guasiparticle excitations in (i) have an infinite number
plane as a function ok, has no discontinuity at the of gegrees of freedom (in the thermodynamic limit), and
Fermi surfacek = ke for a TLL. Instead, it has & cUSpihey determine properties such as specific heat and
there of the form : susceptibility to various perturbations. The particle
n(k) = n(k-) +const.sign k- k Dk_ |§|(1-K>2/2K. excitations in (i) only have two degrees of freedom and
(23) therefore play no role in the thermodynamic properties.
) o o The Hamiltonian and momentum operators for a one-
On the other hand, in a Fermi liquid(k) has a finite

i - ) A ) dimensional system (which may have interactions) have
discontinuity at the Fermi surfadeee Figure 6). Finally,

. i i ) the general form :
correlation functions in a TLL typically decay at large

distances as power-laws which dependKgnunlike the H =E,(Ny) + ;Uqgﬂ,qbpe,q*' BTL;quH
correlation functions of a Fermi liquid where the power- +
laws are universal. m )
. +U(Ng+ N )+ (Ng+ Ny
Let us be more specific about the nature of the low- 2LK
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7TUK
-ND% z G-, K. 28
( 2, S (28)
P= Z)QEPFI,q A Note thatbf,, and b/, create excitations with momenta
+ g and -q respectively, where the labglis always taken
T 0 to be positive. We can show that
ke + T (Nt N (NG = N (24)

. . @v,q’ B, g H: 0, and %)qu’ b\:rq E: 5VV'5qd ) (29)
where g is the momentum of the low-energy bosonic
excitations created and annihilated Bg( and Bq, K is a The vacuum state of the system is defined to be the state
positive dimensionless number, and is the chemical |0> which is annihilated by the operatd@gy for k > 0
potential of the system. We will see later thaand K and CJ’k for k < 0, and therefore by, for all g.
are the two important parameters which determine all the et us define the chiral bosonic fields
low-energy properties of a system. Their values generally .
depend on both the strength of the interactions and the ¢, (x) :in%qévqx-aw
density. If the fermions are noninteracting, we have 2 \/_ '

= v andK = 1. (25)
Note that one can numerically find the valueswofnd ‘bJ,qe_qu_aq/zH‘

K by varyingNg andN_ and studying the IL/dependence
of energy and momentum of finite size systems.

@ N,, (30)

where the length parameter is a cut-off which is
required to ensure that the contribution from high-
The technique of bosonization (combined with

momentum modes do not produce divergences when

conformal field theory) is very useful for analytlcally computing correlation functions. The fields in (30) satisfy
studying a TLL [14,15,31,32]. This technique consists of

mapping bosonic operators into fermionic ones, and then v )
using whichever set of operators is easier to compute [gov(x),govv(x)]—Zdw&gn(x— X) (31)

with. . . . . .
in the limit « — 0. It is useful to define two fields dual

To begin, let us consider a fermion with both righttg each other
and left-moving components. We introduce a chirality
label v, such thaty = R and L refer to right- and left- P(x) = Gr(¥) +@(X
moving particles respectively. Sometimes, we will use the 8(X) = -9 () +9_ (X . (32)
numerical valuesy = 1 and -1 folR andL; this will be
clear from the context. Then the second quantized Fertfien P (), ¢(x)] = [6(x), 6(x)] = 0O, while
fields are given by

, i .
L [(p(x),e(x)]:—gmgn(x— X). (33)
w09 =7- z G €™,
JL& Now it can be shown that the fermionic and bosonic
o7 operators discussed above are related to each other as
sznk’ (26)
Wy = 1 n e 12
wheren, = 0, %1, +2, ..., and R Loma 'R '
CrisGrief =0, .
{ } Vo= 2]7-Ta nLelzﬁ(oL ' (34)
{Cv,k’ C\:rk} = 5vv’5kl< . (27)

in the sense that they produce the same state when they
act on the vacuum state |0>, and they have the same
correlation functions. The unitary operatorg and 7.
v .q \/7 z Cv k+qQ/ K . .

WS are called Klein factors, and they are essential to ensure

Next we define bosonic operators
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that the fermionic fields given in eq. (34) anticommute at

1 0
two different spatial pointx andy. \Y =£ Z @gzcékl+k3 Rk Ctkzws Gk
Ky, Ky, Ky=—00
The densities of the right- and left-moving fermions
are given by p, =yly, and p, =gy, The total +g4(c;ki+kacR’kicE&_,§chz
fermionic density and current are given by
+C0 4ok Sk, Sk, G, )E (39)
P=Po=pPrtp - Lo¢
0 R t Jm ox’ From this expression, we see tl@t corresponds to a
two-particle scattering involving both chiralities; in this
U 00 it ei i
Ve (Pr=pL) = == (35) model,_we can call it eﬂ_her forward scatFerlng or backward
Jmr ox scattering since there is no way to distinguish between

where p, is the background density (fluctuations around® two processes in the absence of some other quantum

this density are described by the fielgsor ¢), and the number such as spin. The, term corresponds to a
velocity o will be introduced below. scattering between two fermions with the same chirality,

) o and therefore describes a forward scattering process.
Let us now introduce a Hamiltonian. We assume a

linear dispersion relatiors,x = vek for the fermions.
The noninteracting Hamiltonian then takes the form

The quartic interaction in eq. (39) seems very difficult
to analyze. However, wavill now see that it is easily
solvable in the bosonic language; indeed this is one of
Up =0 5 the main motivations behind bosonization. The bosonic
Ho =Ur Z kEFRkCrict CLCL kH+ (N+ N expression for the total Hamiltonial = Ho + V is
found to be

L )
:_UFIO dX@’;(X)BxLAUR(X) H =ZQE’F(b;,quq+ bJquLﬂ)
q>

—y ! (x)id (N§+ N?) (36)

92 (0], blo* b b d

in the fermionic language, and

94 1yt T
R R +=2(b +by b JH
v R, q La~L
0o =Ur Zq lez,quq'F bT.qu qH+TF( N2R+ NZI) Z
q>
+ T8 Q2+ N2+ 92 Ry + 34 (N2 + N2)
_ L 2 ZD L L 2L
_UFIO dxgax(pR) +(0,0.) B
(40)
The g, term only renormalizes the velocity. Tigg term
dxgaxqo 6 9) (7)  can then be rediagonalized by a Bogoliubov trans-
. . formation. We first define two parameters
in the bosonic language.
We now study the effects of four-fermi interactions. .94 _ 9,0 +&+&Eﬂuz
Let us consider an interaction of the form %UF 2m 2 T 2w m% '
V=1t dx2,0. (%0 (3 L9 .9 '
=5 X[ 2GPr{XO L K= =4 _ 94, 9
o) %" o mH/EU o 2;1% (41)
+g, (pé(x)+pf(x))% (38) Note thatK < 1 if g, is positive (repulsive interaction),

and > 1 ifg, is negative (attractive interaction). [df is
Physically, we may expect an interaction suchga¥d2, ¢4 large thatvr + gJ/(27) — Q./(27) < O, then our
so thatg, = g4 = g. However, it is instructive to allow analysis breaks down. The system does not remain a
g, to differ from g, to see what happens. Also, we will_yttinger liquid in that case, and is likely to go into a
not assume anything about the signsgpfand g In the different phase such as a state with charge density order].
fermionic language, the interaction takes the form :  The Bogoliubov transformation then takes the form :
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T 1 v
br =2t VPa L="00°-L0,0° 47)
, -7 U e
in the bosonic language. For the interacting theory in eq.
G = b +yb£,q (44), we find from eq. (45) that
q 2 ,
1-y 1 2_ U 2
L=—-1:o0 -— (0
2UK( @ =5 0.9)
where y = 1=K (42)
- ’ 1 ~ U ~
K = 0@ =209, (48)
for each value of the momentum The Hamiltonian is
then given by the quadratic expression Although the dispersion relation is generally not linear
for all the modes of a realistic system, it often happens
H :Zuq Ebe 4bg o+ B b, [ that the low-energy and long-wavelength modes (and
i therefore, the low-temperature properties) can be described
by a TLL. For a fermionic system in one dimension,
m 1l - SN2 o ~ o0 .
+—— - (Ng + N )"+ K(Ng= N) ", (43) these modes are usually the ones lying close to the two
2L Bk H s o . .
Fermi points with momenta kr respectively (see Figure
Equivalently, 7). Although the fermionic fieldy generally has
1L.0 2 U >
H== K +—
Zjodx%u M K(axrp) B (44) E
The old and new fields are related as
0, = T K~ 1=K,
A 2/K ’ | |
\ |
~ - _ — k k
g = KB~ (1= K)p, " T
: 2JK
§0=\/R¢ andezié. (45)
JK

Figure 7. Picture of the ground state of a one-dimensional system of non-
Note the important fact that the vacuum changes asingracting fermions on a lattice. Filled circles denote occupied states lying

result of the interaction; the new vacu@@ is the state Pelow the Fermi energfge= 0.

annihilated by the operators, ,. Since the various components with all possible momenta, one can define

correlation functions must be calculated in this NeWght- and left-moving fieldsyr and w which vary

vacuum, they will depend on the interaction through thgowly on the scale length,

parametersy andK. In particular, we will see below that . .

the power-laws of the correlation functions are governed ¥(xt)=@g(X, D+ (% e, (49)

by K. Quantities such as the density generally contain terms
Given the various Hamiltonians, it is easy to guesghich vary slowly as well as terms varying rapidly on

the forms of the corresponding Lagrangians. For tH8e scale ofa,

gonlr?teractlng theory gb = 04 = 0), the_ Lagrangian p-ps —yly =gl ey,

ensity describes a massless Dirac fermion,

L=igh@,+00 ) 0erip]@ v 2 w, @) € YLV,

in the fermionic language, and a massless real scalar — _ 1 0(0+ i(2V9- 2% x)

99 i%ﬂn o
field, Jrax  2ma O'FTE
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equal-time correlations have oscillatory pieces which decay

t -i(2Vmp-2:x) [
+ .
NRe ) (50 asymptotically as
One can now compute various correlation functions in (=)

the bosonic language. Consider an operator of the 35$>~ |n|”
exponential form :

Oy, , = €2m0Ho), (51)

mn —

(s5s7)-

(Such an operator can arise from a product of several
w's and y's if we ignore the Klein factors; then eq. 11
(34) implies thatm + n must take integer values). Wewhere 1] =§+Esin'l(A), (55)
then find the following result for the two-point correlation

function at space-time separations which are much large®r 4 > 1 andh = 0, the system is gapped; there are
than the microscopic lattice spacirag two degenerate ground states which have a period of two
sites consistent with the condition (68). Thus, the

- " -
<O|TOm,n(>gt)Om,,d(0,0)| q invariance of the Hamiltonian under a translation by one

=5, 5., %z(mzmnz,.()/ site.is spontanepusly broken in the ground states. This is
particularly obvious forA — - where the two ground
(a—i(x—ut)sign([))(mﬁ‘”’ﬁ()z states are + — + — and — + — + ... The two-spin
correlations decay exponentially fat > 1 andh = 0.
(o +i(x +ut)sign([))(mﬁ+“’ﬁ)zEr (52) Finally, the system is gapped fowd > 1 + A with all

) ) sites havingS, = 1/2 in the ground state, and fbfJ <
Note that the correlation function 'decays'as a power-law, _, \ub ol sites havings, = —1/2.
and the power depends on the interaction paraméter

In the language of the renormalization group, the scaling H.owever,'|t Is not easy to compute eXP"C” correlation
dimension ofOn, is given by functions using the Bethe ansatz. We will therefore use

bosonization to study the model in (54).
2

do = m? K+n_, (53) We first use the Jordan-Wigner transformation to map
K the spin model to a model of spinless fermions. We map
We can now discuss a spin chain from the point of viewnh T spin or al spin at any site to the presence or
of bosonization. To be specific, let us consider a spin-1ghsence of a fermion at that site. We introduce a fermion
chain described by the anisotropic Hamiltonian annihilation operatony at each site, and write the spin at
the site as

H :%%(Sﬁ%+ $ §1)+ 4,855~ ih‘% (54)

1=1

St =yly, -1/2=n-1/2,

where the interactions are only between nearest neighbor __ iy on
: N . _ . S =CDgie ™, (56)

spins, and) > 0. S"= §+ig and S = § - ig are ! :

the spin raising and lowering operators, andenotes a Where the sum runs from one boundary of the chain up

magnetic field. Note that the model hasU{1) invariance, to the (-1)th site (we assume an open boundary condition

namely, rotations about th® axis. Whend = 1 andh here for convenience)n; = 0 or 1 is the fermion

= 0, the U(1) invariance is enhanced to aBU2) occupation number at site and the expression fog’

invariance, because at this point, the model can @ obtained by taking the hermitian conjugate 8f .

written simply asH = JY;S; . Si:1. The string factor in the definition ofS™ is added in
Eq. (54) is the well-studieedXZ spin-1/2 chain in a order to ensure the correct statistics for different sites;

It can be exactly solvedhe fermion operators at different sites anticommute,

longitudinal magnetic field. i
Mereas the spin operators commute.

using the Bethe ansatz, and a lot of information can th
be obtained using conformal field theory [10,33]. The We now find that

following results are relevant for us. The model is gapless 0

for a certain range of values af and h/J. For instance, H= —Z §(¢’fll/i+1+h-0)+ JA(n-1/2)
this is true if -1 <4 < 1 andh = 0; then the two-spin :
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either the fermionic or the bosonic fields. For instance,

x(N,, —1/2)-h(n —1/2)% (57 o ) . ) .
S? is given by the fermion density as in eq. (56) which

We see that the spin-flip operato&® lead to hopping then has a bosonized form given in. €50). Similarly,

terms in the fermion Hamiltonian, whereas tig# S%, . ant Ckoxla L ot o a

term leads to an interaction between fermions on adjacent S (x9=01 %UR(X he ) & E

sites.

. . . . . a inﬁmdx’(w*(x',r)w(x,t)+1/2a) O
Let us first consider the noninteracting case given by x + th
A = 0. By Fourier transforming the fermions,
Yy :zjll/,-e_'kja/m, where a is the lattice spacing (61)

and the momentunk lies in the first Brillouin zone Where (=12 = +1 sincex/a is an integer. This can now
—nla < k < z/a, we find that the Hamiltonian is given by be written entirely in the bosonic language; the term in
the exponetial is given by

H= Z“&Wl‘ﬂk, (58) )
X + __ 1 X )
where [ Xy (X (X, 9= \/E-[-‘” d*d .o
w, =-Jcoska)- h. (59)

1
=—— +
The non-interacting ground state is the one in which all \/E[qu(X't) ol t)]’ (62)

the single-particle states witty, < 0 are occupied, and
all the states withw, > 0 are empty. If we set the
magnetic field h = 0, the magnetization per site
m= ziszl N will be zero in the ground state;
equivalently, in the fermionic language, the ground sta
is precisely half-filled. Thus, fom = 0, the Fermi points
(wx = 0) lie atka = +7/2 = kra. Let us now add the 0 1 1 0
magnetic field term. In the fermionic language, this is G*(xt=n?+ ¢ 3 >+ >0
. . . . . Ox+ut)c (x-ut)° g
equivalent to adding a chemical potential term (which
couples ton; or S?). In that case, the ground state no

where we have ignored the contribution from the lower
limit at X' = —eo,

We can now use these bosonic expressions to compute
{ge various two-spin correlation functiosad(x,) =
< O[TS(x,)9(0,0)] >. We find that

€cOoS (Xg X
longer hasm = 0 and the fermion model is no longer +Czﬁ,
half-filled. The Fermi points are then given bykgt
where . ) (_1)x/a
- G (xH)+G " (x = %—(xz—uztz)l“‘K
kea=mm+=
F B ZH (60)
_1\x/a 0 1 1 0

It turns out that this relation betweég (which governs +c, D CODSl(Z(F XD)Z 02 + ot 50
the oscillations in the correlation functions as discussed (xz—uztz)w_ﬂﬁ [x-un® (x*+u9°0

below) and the magnetizatiam continues to hold even

if we turn on the interactiorJA, although the simple (63)
picture of the ground state (with states filled below somehere c;, ..., ¢, are some constants. The Luttinger
energy and empty above some energy) no longer holdgrameterK and v are functions ofA and h/J (or m).

in that case. [The exact dependence can be found from the web site

In the linearized approximation, the modes near trgiven in Ref. [10]; this contains a calculator which finds
two Fermi points have the velocitiedw/dw = *v, the values ofRzll\/rn—K andh /J if one inputs the
where v is some function of], A and h. Next, we values ofM = 2m andA]. For h = 0, K is given by the
introduce the slowly varying fermionic fieldgz and yi  analytical expression
as indicated above; these are functions of a coordinate
which must be an integer multiple af Now we bosonize 1 :1+Esin'1M). (64)
these fields. The spin fields can be written in terms of
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Note that at theSU(2) invariant pointA = 1 andh = 0, Hamiltonian which is invariant under translation by one
we haveK = 1/2, and the two correlatior3? and G*- unit cell, the value of the magnetization per unit cell is
have the same forms. guantized to be a rational number at each plateau. The
In addition to providing a convenient way ofnecessary (but not sufficient) condition for the
\A@agnetization quantization is given as follows [9]. Let us
fssume that the magnetic field points along theaxis,
the total HamiltonianH is invariant under spin rotations
about that axis, and the maximum possible spin in each
unit cell of the Hamiltonian is given b$ Consider a
_ . 0 state i such that the expectation value $fper unit cell
v _52(_1) §(S Fut P ‘$1)+ a isiﬁ% 65) s equal tom in that state, ands has a periodh, i.e.,
. ) it is invariant only under translation by a number of unit
where § is the strength of the perturbation. Uponcells equal ton or a multiple ofn. (It is clear that ifn

bosonizing, we find that the scaling dimension of thii 2. then there must ba such states with the same

term isK. Hence it is relevant iK < 2; in that case, it energy, sinceH is invariant under a translation by one

produces an energy gap in the system which scales Wilkt cell). Then the quantization condition says that a

J as magnetic plateau is possiblege., there is a range of
AE ~ §1@X), (66) values of the external field for whicly is the ground

For the isotropic casa = 1, we haveK = 1/2 and the State and is separated by a finite gap from states with

gap scales a&E ~ §23, [This is the exponent of the gapslightly higher or lower values of tot&,, only if

which appears as we vary to move away from the n (S — m) = an integer. (68)

gapless I|.ne 0 <z < .‘]ZC’ .5 _.0) for sp|n-.l/2 In Figure Note that the saturated state in which all spins point

2 or the line A for spin-l in Figure 3]. This phenomenon o . L ) )

. . . along the magnetic field trivially satisfies (68) since it

occurs in spin-Peierls systems such as CuGe€ow a B B

transition temperaturés, they go into a dimerized phasehasms = Slor -9 andn = 1.

which has a gap.

computing correlation functions, bosonization also allo
us to study the effects of small perturbations which m
take the system away from a TLL. For instance,
physically important perturbation is a dimerizing term

In this section, we study the magnetization as a
: . : function of the applied field for a two-and three-chain

Another interesting perturbation occurs when the . PP ) ) _
ladder using a perturbatively derived low-energy effective

frustration parameted, crosses the critical valud, = Hamiltoni LEH) 111.35]. In both the first-ord
0.241 for 6 = 0 in the spin-1/2 chain (see Figure 2). ami c_>man ( ) [11,35]. In bo case_s, ef rstoraer
I.tEH will turn out to be the model described in eq. (54).

This turns out to be a marginal perturbation, and | ) ) i X
we pointed out earlier, a lot is known about this

produces a gap which has an essential singularity of tﬁg ) ,
form AE ~ exp [-const.f — J,)] [34]. Because of this model [10,33]. In particular, we will see that the exponent
-~ — M2 = J2, .

o . ) for the correlation power laws can be read off from
form, it is very hard to numerically measure the gap i ) )

. the expression for the first-order LEH.
J, is close toJ,..

Finally, when two isotropic spin-1/2 chains (with the We consider a three-chain spin-1/2 ladder governed

spin variables in the two chains being denoted $fy by the Hamiltonian

and S®@) are coupled together with a weak interchain H =g s s 3 s Os
coupling =J ZZ an a+1,n+‘];zn anSy 1
V=J% s®ms®,
Z n n (67)

3
-h Sz, 69
we find that the perturbatiors® - S/? has the scaling aZIZ " (69)
dimension 1. Hence this perturbation is relevant, and ith q he chain ind q h
produces an energy gap which scalesA& ~ J'. This where a denotes the chain indexy denotes the rung

has been confirmed by numerical calculations [20]. in.dex, h denotes the magnetic fie!d, ang J* > _0 (see
Figure 8). We may choosk > 0 since the regiom <

5. Low-energy effective Hamiltonian approach 0 can be deduced from it by reflection abdut 0. It

As mentioned in Section 1, a quantum spin system céhconvenient to scale out the parameleand quote all
sometimes exhibit magnetization plateaus. For Esults in terms of the two dimensionless quantifigé3
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1 J while the high-energy states have enerdigsaccording
to the exactly solvable HamiltoniaH,. Then the first-

7 order LEH is given, up to an additive constant, by
degenerate perturbation theory,

J

: HE =3 p)(p VB )] (70)

r :
The calculation of the various matrix elements in egs.

3 J (70) can be simplified by usintghe symmetries of the

perturbationV, e.g, translations and rotations about the
Figure 8. Schematic picture of the three-chain ladder described in eq. (69. gxis. To derive the LEH for the three-chain ladder, we
The labels 1, 2, and 3 denote the three chains. decompose the Hamiltonian in (69) & = H, + V,

and h/J. We will only consider an open boundary"Where

condition in the rung direction, namely, the summation
over a in the first term of (69) runs over 1, 2. Ho=1J Zzz San BSain~ oz Z Sim
a=l1, n

We now discuss the LEH approach for studying the
properties of spin ladders. There are two possible limits 3
which may be considered. One could examine V= J;ZSM (S, 1 = (h= I~b)az\zn S (71)
J1J — 0 which corresponds to weakly interacting chains,
and then directly use techniques from bosonization and e determine the fielch, by considering the rung
conformal field theory; this has been done in detail bVamiItonianho and identifying the values of the magnetic
others [10,11]. We therefore, consider the strong-coupliflg!d ho where two or more of the rung states become

limit 3 — 0 which corresponds to almost decouple§€9enerate.

rungs. In that limit, the LEH has been derived to first The eight states in each rung are described by
order in J/J' for a three-chain ladder with periOdiCspecifying theS? components (+ and —denoting +1/2 and
boundary condition along the rungs [36,37], and for 212 respectively) of the sites belonging to chains 1,2

two-chain ladder [11,35]. and 3. For instance, the four states with t&al 3/2 are
We derive the LEH as follows. We first set theyanoted by|1)-|4), where |1)=|+++) and the other

intrachain couplingd = 0 and consider which of the three states can be obtained by acting on it successively
states of a single rung are degenerate in energy in theg _
h the operatorS™ =y, S . These four states have

presence of a magnetic field. In general, there will bth 312 in the ab ¢ tic field. Th
several values of the field, denoted ky for which two € energy in the absence of a magnetic fie ere

or more of the rung states will be degenerate grouﬁﬁ one doublet of state|§> and |6> with S = 1/2 where

states. We will consider each such valuehgfin turn. )= B+ —+)| = |=++)= [++-)B/6 and [6) ~S7|95).
The degenerate rung states will constitute our Iow-enera)hese have energyJ- Fmally, there is another doublet
states. If the degeneracy in each rungdjsthe total of states |7)=H++~)-|-++)v2 and |8)~S|7)

number of low-energy states in a system withungs is which have zero enery. It is now evident that the state
given by L% (In general, the numbat depends both on |1) with S = 3/2 and the statd5) with Sz = 1/2

the system and on the fielob. It is two for both the pecome degenerate at a magnetic figjd= 3172, while
models we will study here). Next, we decompose thgates|5) and |6) are trivially degenrate for the field

Ham|lton!an of the total sy_stem &$ = Ho+ V. _where ho = 0. We now examine these two cases separately.
Ho contains only the rung interactiah and the fieldhy,

and V contains the small interactiosand the residual ~ For ho = 3372, the low-energy states in each rung are
magnetic fieldh — h, which are both assumed to begiven by |1) and [5), while the other six are high-
much smaller thad'. Let us denote the degenerate anénergy states. We thus have an effective spin-1/2 object
low-energy states of the system @sand the high-energy on each rungn. We introduce three spin-1/2 operators
states agy,. The low-energy states all have energy (S,f%y Sf) for each rung such thag* = S+ i§ and
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S? have the following actions :
Sf:|1>n =0, g'@n :|:Dn !
9. S[9,=0

SRV

and

2 1 . 1
S0, =510 s19,=-35/9,-

It may be noted that the state which hagllaon every

rung, i.e, |111-), is just the state with rung
magnetizationms = 3/2 corresponding to the saturatio
plateau. The state with §b)

(72)

on every rung corresponds

577

equal to|5) and all the other rungs are equal . A
spin wave with momentunk is given by

k)= 3¢5,

where |5,) denotes a state where only the rumgs
equal to|5). The spin-wave dispersiong., w(k) = E(K)
— By, is found from (74) to be

(75)

JO

w(k):JEFOSk_%%Fﬁh_&%__ZH. (76)

nThis is minimum ak = 7 and it turns negative there for

h < h;, where

to themy = 1/2 magnetization plateau. The LEH we are

trying to derive will therefore describe the transition

between these two plateaus.

We now turn on the perturbatiov in (71) with the
assumption tha' andh — hy are both much smaller than
J. We can writeV = ZnVn,nﬂ, where

3

S BS,0* Sud]

a=1

3 1
Vina = ‘Jz Sa,n Esanrl_z(h_ ho)
a=1

(73)

3J'
h =22 +2J. 77)

This is therefore the transition point between the
ferromagnetic state}lll---) and a spin-wave band lying
immediately below it in energy.

Similarly, we compute the fielth, by comparing the
energy E, of the state with all rungs equal &) with
the minimum energyEnin(k) of a spin wave in which a
|5) at one rung is replaced by |4). For a spin wave

The action of Vo ni1 on the four low-energy stateswith momentumk, the dispersionw(k) = Ek) — K is
involving rungsn andn + 1 can be obtained after a longyund to be

but straightforward calculation. We then use eq. (70) and
find that the LEH to first order id/J' is given, up to a
constant, by

10 J?02

H e

5
-— cos
18

2

w(k) = Jﬁ:osk— x5

o

This is minimum atk = 7 and it turns positive there for

30 _JO

-3F

5 (78)

Hor =03 S+ § $av5 8 80

3 JOc
—aﬁ—?—zaz Si (74) h > h, where
where we have substitutdg = 3J/2. Thus, the LEH up h, =3%— J. (79)

to this order is simply th&XZ model with anisotropyA
= 1/2 in a magnetic fieldh — 3372 — J/2; (see eq. (54)). This marks the transition between the st|s&55~-> and

We now use (74) to compute the values of the field§€ SPin-wave band. Eq. (79) agrees to this order with
h, and h, where the states with all rungs equal |ﬂf> the higher-order series given in the literature [10].
and all rungs equal td5) respectively, become the
ground states.

From the first-order terms in (74), we can deduce the
asymptotic form of the two-spin correlations. From (55),
we see that the exponent= 2/3 for A = 1/2. Although
this is the exponent for the + — correlation of the
effective spin-1/2 defined on each rung, we would expect
the same exponent to appear in all the correlations

We can then identifyh; with the lower critical field
h._ for the plateau aty = 3/2, andh,, with the upper
critical field h., for the plateau am, = 1/2.

To compute the fieldh;, we compare the enerdy, i
of the state with all rungs equal {8 with the minimum <5a,| SJ_,n> studied by DMRG in the previous section,
energyEnmin(k) of a spin-wave state in which one rung igegardless of how we choose the chain indigeb = 1,
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2, 3. We find that the analytically predicted exponent of J,
2/3 agrees quite well with the numerically obtained
exponents which lie in the range 0.61 to 0.70 [38]. r 2],

We now consider the LEH at the other magnetic field
ho = 0 where the rung statd$) and|6) are degenerate. ]
We take these as the low-energy states and intrOdUﬂ@Jre 9. Schematic picture of the two-chain ladder described in eq. (83).
new effective spin-1/2 operators for each rung with actiof$e labels 1 and 2 denote the two chains.
similar to egs. (72), except that we replgdp and [5) neighbor couplingJ, (frustration). Eq. (83) has been

in those equations by5) and [6). We compute the studied from the point of view of magnetization plateaus
action of the perturbatior’/ on the low-energy states,using a first-order LEH, bosonization and exact

and deduce the LEH to be diagonalization [11, 12, 35].
7 We begin by settingl; = J, = 0, and studying the
Hey =33 S, 05, -y Sh (80) gin by gh = J; ”y g g
n n four states on each rung. These are specified by giving

This Hamiltonian describes the transition between tH8€ configurations + of the spins on chains 1 and 2 as
magnetization plateaus ats = 1/2 andmg = —1/2; since follows. The three triplet states witB = 1 are denoted
these plateaus are reflections of each other about ze®|1), |2) and |3, where|]) = |++) and the other
magnetic field, it is sufficient to study one of them. Bytwo states are obtained by acting on it successively with

a calculation similar to the one used to derive (77), t@- These three states have enejjgy in the absence of
field h, can be found from the dispersion of a spin wavg magnetic field. The singlet state| 4> -
in which one rung is equal t96) and all the other -

)=|-+)EF/V2 has energy -B4. The statedl) and
rungs are equal tg5). The dispersion is

|4) become degenerate at a field = J. We now

w(k) = h+ J(cosk-1). (81) develop perturbation theory by assuming tbatJ, and
This gives h — hy are all much less thad'. The perturbation is
=23, ©2) V= van,nﬂ where
This is the lower critical fieldh,_ of the my = 1/2 Vit = Jzisa'n (San1+23:S,,0S,4 1
&

plateau. The Hamiltonian (80) describes an isotropic spin

—1/2 antiferromagnet. From the comments made earlier,

we see that this model only has the two saturation _E(h_ho)igsazn-'- S af-
plateaus am, = +1/2, and no other plateau in between. 2 S '

Forh = 0, the two-spin correlations decay as power IaW‘Fhe actions of this operator on the four low-energy

with the exponenty = 1 (see eq. (55)). states of a pair of neighboring rungs can be easily

We now use the LEH approach to study a two-chaiobtained. We now introduce effective spin-1/2 operators

spin-1/2 ladder with the following Hamiltonian, S, on each rung which act on the two low-energy states.
The LEH is then found to be

(84)

H :J'z S, 05,,+J, S z SaUS 1
n 22 Mo =(32-9) 3 (S St § $9+2( 3+ )

2
+2‘]12 S1,n ESZ,n+1_ hZ z S;,n’ (83)
n a=ln

as shown in Figure 9. The model may be viewed as a
single chain with an alternation in nearest-neighbor We now compute the fielth, above which the state
couplingsJ' and 2; (dimerization), and a next—nearest-|111~~> becomes the ground state. The dispersion of a

<3 SISO - 2205 S (e
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spin wave, in which one rung is equal [t4) and all the 1.0 ' ' ' '
others are equal t¢l), is given by :
ok =h =73 -3 -3 + (3 — Jy) cosk. (86)
0
By minimizing this as a function df in various regions I 12
in the parameter spacel;,( J;), and then setting that «  osk 1 ]
minimum value equal to zero, we find thlat is given '
by
hy =3+ 23 if J, < g
=J + 25, if J, > Ji. (87)
L | L L
This is the lower critical fieldh._. of the saturation 0.0 1.0 2.0 3.0
h

plateau with magnetizatioms = 1 per rung. Similarly, _ o _ _

. . i i . Figure 10.Magnetization plateaus of the two-chain ladder as a functibn of
we can find the fieldh, from the dispersion of a spin anda for J, = 0.2. The numbers 0, 1/2 and 1 correspond to the values of
wave in which one rung is equal {8) and the rest are atthe plateaus.

equal to|4). The dispersion is given by e if 3, + 3> 23, — 3. In particular, A = o for J,

ok =—-h+J + (J, — J;) cosk. (88) = Ji; the my = 1/2 plateau should then extend all the
By setting the minimum of this equal to zero, we find'&Y from the upper critical field of they = 0 plateau
that h, is given by to the lower critical field of thens = 1 plateau. This can
be seen in Figure 10 which is taken from Ref. [12]; the
dimerization parametewr in that figure is related to our
=J —-%+ Jif 3 > Js. (89) couplings byJ' = 1 + « and 2; = 1 — . Note that the
ms = 1/2 plateau is particularly broad at= 0.6, i.e., J,
= J; = 0.2, and that it actually touches tme = 1
plateau on the right. The fact that it does not extend all
Finally, we can see that the first-order terms in (8¢ way up to thens = O plateau on the left is probably

are of the same form as theXxZ model in (54). We can pocaise we have ignored higher-order terms which lead
always make the coefficient of the first term in (8520 deviations from thexXZ model

positive, if necessary by performing a rotation

hngl+J2—Jl if JgiJl,

This is the upper critical fieldh,. of the saturation
plateau with magnetizatioms = O per rung.

To summarize, we studied a three-chain spin-1/2 ladder
X n X n z V4
Sy - (DS, S - (-D"§ and §7 ~ §. We then yih 4 jarge ratio of interchain coupling to intrachain

get a Hamiltonian of the form coupling using a LEH approach. We found a wide
plateau with rung magnetization given by = 1/2. The
— X
Hesr ‘|‘]2_31|ZE51 Sat § ﬁl% two-spin correlations are extremely short-ranged in the
n

plateau. All these are consistent with the large magnetic
gap. At other values ofn, the two-spin correlations fall

1
+§(‘]2 + Jl)z S off as power laws; the exponents can be found by using
n

the first-order LEH which takes the form of axXz

model in a longitudinal magnetic field. We also used the
Jr ‘J]_ ‘JZ |:| z . .
- ‘7‘75251. (90) LEH approach to study a two-chain ladder with an
n

additional diagonal interaction. In addition to a plateau at

This is anXXZ model with my = 0, this system also has a plateaungt= 1/2 for

certain regions in parameter space. The= 1/2 plateau
is interesting because it corresponds to degenerate ground
states which spontaneously break the translation invariance

From the earlier comments. we see that the two-chaif the Hamiltonian. This can be understood from the
ladder has an additional plateaurat = 1/2 for A > 1 LEH which, at first-order, is aiXXZ model withA > 1.

Jy+13J
A= 2 1
2|19, -3 (©1)
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6. Summary

We have presented some field theoretic methods for

(12]

studying the properties of quantum spin systems in one

dimension. Each of these methods has a particular regime

of validity (.e., large S for the NLSMs, smallS for

bosonization, and weak perturbations for the LEHS) within

(13]

which the method can give a reasonable qualitative picture[l4]
of the ground state and low-energy excitations. Such a

picture is very useful for gaining a quick understanding

of a given model, even though one may then need to use

numerical methods like the DMRG to obtain quantitative

results.
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